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Preface

In 1905, Albert Einstein formulated his special theory of relativity which

led him to the formula E = mc2. This formula states that the mass can be

converted to energy. However, to physicists, this is the energy-momentum

relation

E =

√
(mc2)

2
+ (cp)2

applicable to particles with all possible speeds. This formula becomes

E = mc2 + p2/2m, and E = cp,

respectively, for slow and massive particles, and fast or massless particles.

The slow massive particle has the energy of mc2 in addition to the New-

tonian kinetic energy of p2/2m. Thus, every massive particle has a mass

energy of mc2. This is the discovery Einstein made in 1905, and is known

as Einstein’s E = mc2.

In deriving this he had to study the mathematics of Lorentz transfor-

mations, which conveys that space and time variables are linearly mixed

for moving objects or moving observers. Things look differently for moving

observers. The issue of how things look to observers with different speed is

called Lorentz covariance. Indeed Einstein’s energy-momentum relation is

a Lorentz-covariant formula.

Niels Bohr was interested in why the energy levels of the hydrogen atom

were discrete. Bohr’s efforts led to the idea of wave-particle duality. The

hydrogen atom energy levels are discrete because the electron orbits are

standing waves. This eventually led to Schrödinger’s wave mechanics in

1926 and Heisenberg’s uncertainty principle in 1927.

These historical facts are well known. However, here is one question.

Bohr and Einstein met occasionally to talk about physics. Bohr was inter-

ested in the hydrogen atom, while Einstein was worrying about how things

look to moving observers.

vii
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Fig. 0.1 Physical laws for point particles and for particles with internal space-time

extensions. Einstein’s law for Lorentz boosts is well known. Even more than 100 years

after his formulation of special relativity in 1905, the issue of Lorentz covariance is not
completely settled for internal space-time structures.
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Fig. 0.2 The tool for internal space-time symmetries was formulated in 1939 by Eugene

Wigner, but this fact is still largely unknown among the present generation of physicists.

While their interests are in two distinct directions, it was impossible for

them not to talk about how the electron standing wave of the hydrogen

atom looks to a moving observer. However, there are no records of their

discussion on this subject. It is also possible that they never discussed this
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issue. At their time, it was not possible to think about the hydrogen atom

moving with a relativistic speed. It was only a metaphysical problem.

The physics environment is quite different these days. High-energy ac-

celerators routinely produce protons moving with speed very close to that

of light. In addition, the proton is now a bound-state of more fundamental

particles known as the ”quarks.” It is believed that the quantum mechan-

ics of binding the quarks is the same as the mechanics applicable to the

hydrogen atom as an electron-proton bound state.

If Bohr and Einstein did not discuss the issue of moving standing waves,

it is a good problem for us to study. The purpose of this book is based on

the papers we published on this problem since 1973. We are not the first

ones to notice this Bohr-Einstein problem.

Many distinguished physicists wrote many important papers on this

fundamental question. Among them, we have been guided by the papers

written by Paul A. M. Dirac (1902-1984), Eugene P. Wigner (1902-1995),

and Richard P. Feynman (1918-1988).

This book is based on our efforts to unify the ideas of these three physi-

cists to address the Bohr-Einstein gap. We construct in this book a model

of the bound state in the Lorentz-covariant world. As Einstein’s energy-

momentum relation gives two different expressions for slow and fast parti-

cles, the standing wave for a bound state appears differently for slow and

fast speeds.

It took Isaac Newton twenty years to extend his law of gravity for par-

ticles to spherical objects like the sun and earth. He had to develop a new

mathematical method known today as integral calculus. In carrying out

the program of extending Einstein’s special relativity to extended objects,

like the hydrogen atom or the proton in the quark model, we need a new

mathematical tool, as illustrated in Fig. 0.1.

Fortunately, we did not have to invent this tool. It was already formu-

lated by Eugene Paul Wigner in his 1939 article in the Annals of Math-

ematics, as is illustrated in Fig. 0.2. This fact is largely unknown. The

purpose of this book is to give an interpretation of his work by giving

physical examples.

Wigner’s 1939 paper is known as the most difficult paper to read among

the present generation of physicists. It is based on the Lorentz group which

scares away young physicists these days. For this reason, we avoid group

theory terminology as much as possible in this book, and translate his paper

into the language of two-by-two matrices.

We realize that Einstein’s gravitational wave is of current interest. This
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phenomenon is based on Einstein’s general relativity, and is beyond the

scope of this book. The point is that Einstein is still known for his E = mc2,

and this formula is based on his special theory of relativity formulated in

1905. By studying Wigner’s 1939 paper, we explore further the contents of

Einstein’s E = mc2 or his special relativity.

During the period of more than forty years of our collaboration since

1973, we have benefited from new ideas contributed by our colleagues,

namely Michael Ruiz, Seog Oh, Thomas Karr, Daesoo Han, Dongchul Son,

Sibel Başkal, and Elena Georgieva. One of us (YSK) was fortunate enough

to visit Professor Eugene Wigner at Princeton University regularly during

the period of 1985-90. Needless to say, we could not have carried out our

research program without Professor Wigner’s advice and encouragement.

YSK and MEN (January 2018).
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Chapter 1

Introduction

When Einstein formulated his special relativity in 1905, he worked out

the transformation law for point particles. The question is what happens

when those particles have space-time extensions. The hydrogen atom is

a case in point. The hydrogen atom is small enough to be regarded as

a particle obeying Einstein’s law of Lorentz transformations including the

energy-momentum relation E =

√
(mc2)

2
+ (cp)2.

Yet, the hydrogen atom has a very rich internal space-time structure,

rich enough to provide all the ingredients for quantum mechanics. Indeed,

Niels Bohr was interested in why the energy levels of the hydrogen atom

are discrete. His interest led to the replacement of the electron orbit by a

standing wave.

Fig. 1.1 Niels Bohr Institute in Copenhagen. The plaque on the building says This
building was the place where the foundations of atomic and modern physics were laid in
a scientifically creative environment inspired by Niels Bohr in 1920’s and 1930’s. The

third floor of this bulding was used for hotel rooms for the visitors invited by Niels Bohr.
Einstein was one of those visitors. [photos by Y. S. Kim (2015)]

1
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Before and after 1927, Einstein and Bohr met occasionally to discuss

physics. Einstein even stayed for an extended period at the Bohr Institute

in Copenhagen, shown in Fig. 1.1.

It is possible that they discussed how the hydrogen atom with an elec-

tron orbit or as a standing-wave looks to moving observers. However, there

are no written records of their discussions. It is also possible that they

never discussed this issue, since there were no hydrogen atoms moving with

relativistic speeds, and/or since Einstein maintained a distance from the

Copenhagen interpretation of quantum mechanics.

In either case, this is the issue to be resolved by the present generation of

physicists. The present authors are not the first ones to raise this question.

Among the many distinguished physicists who made laudable contributions

to this fundamental problem, we should mention Paul A. M. Dirac (1902-

1984) and Richard P. Feynman (1918-1988). They accepted the present

form of quantum mechanics, and the Lorentz covariance on which Einstein’s

special relativity is based.

In this book, we translate what they did into the mathematical language

of Wigner’s little groups. Wigner in 1939 published a paper in the Annals of

Mathematics [Wigner (1939)] discussing the subgroups of the Lorentz group

whose transformations leave the momentum of a given particle invariant.

These subgroups are called Wigner’s little groups. It is noted that some

additional work is needed for this book to achieve contact with Dirac’s

papers and Feynman’s papers and to make contact with the real word of

physics.

In Secs. 1.1, 1.2, and 1.3, we explain how the papers by Dirac, Feynman,

and Wigner serve useful purposes for this book. In Sec. 1.4, we explain the

scope of contents of the book.

Througout this book, the concept of Lorentz covariance and the math-

ematics of Lorentz transformations constitute the basic scientific language.

They will be discussed in detail in Chapter 5.

1.1 Dirac’s Approach

We are all familiar with the Dirac equation. This equation is for spin-1/2

particles in the relativistic world. Its success in describing the electron-

positron is well known. It also describes the Thomas effect in the spin-orbit

coupling. It is known that Dirac was able to write his equation purely from

mathematical considerations. He believed in mathematical beauty.

Dirac was the first one interested in the uncertainty relation between
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time and energy [Dirac (1927)]. He noted that unlike the position and

momentum variables, there are no quantum excitations. This was one of

the difficulties in making quantum mechanics covariant in the Lorentzian

world where the space and time variables become linearly mixed for moving

observers.

Yet, Dirac never gave up his love for mathematical beauty. In

1945 [Dirac (1945b)], Dirac attempted to construct representations of the

Lorentz group using harmonic oscillator wave functions. He had to start

with the Gaussian form

exp

{
−1

2

(
x2 + y2 + z2 + (ct)2

)}
.

However, he did not explain how the time variable is defined. Does this

function mean the world becomes zero in the remote past or remote future?

In his paper of 1949 [Dirac (1949)] entitled Forms of Relativistic Dy-

namics, Dirac presented three possible ways to make quantum mechanics

Lorentz-covariant. He introduces many fresh ideas, such as the instant

form, light-cone coordinate system, and the Poincaré group as an a exten-

sion of Heisenberg’s uncertainty relation. In this paper, Dirac mentions

only difficulties, and makes no effort to provide resolutions.

In his paper of 1963 [Dirac (1963)], Dirac starts with two harmonic

oscillators and exploits the symmetries contained in this dynamical system.

He ends up with the symmetries of the group O(3, 2), namely the Lorentz

group with three spatial variables and two time variables. The harmonic

oscillator is the language of quantum mechanics and the Lorentz group is

the language of special relativity. Indeed, this paper tells us to construct a

harmonic oscillator wave function which can be Lorentz-transformed.

1.2 Feynman’s Approach

Richard Feynman made a giant step toward constructing Lorentz-covariant

quantum mechanics. We are all familiar with Feynman diagrams. His

diagrams serve as a tool for computing the scattering matrix or S-matrix

appliable only to scattering processes. It was Feynman who realized this,

and recommended harmonic oscillator wave functions for bound states in

the Lorentz-covariant world [Feynman et al. (1971)].

Earlier, in 1969 [Feynman (1969a,b)], Feynamn observed that the pro-

ton, when it moves with a velocity very close to that of light, appears like

a collection of an infinite number of partons, unlike the bound-state in the

quark model [Gell-Mann (1964)]. The proton is regarded as a quantum
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bound state of three quarks when it is at rest. We assume that the quan-

tum mechanics applicable to this bound state is the same as that applicable

to the hydrogen atom as a bound state of the proton and electron.

In his 1972 book on statistical mechanics [Feynman (1998)], when he

introduces the density matrix, Feynman says

When we solve a quantum-mechanical problem, what we really do is

divide the universe into two parts - the system in which we are interested

and the rest of the universe. We then usually act as if the system in which

we are interested comprised the entire universe. To motivate the use of

density matrices, let us see what happens when we include the part of the

universe outside the system.

It is a challege for us to find the rest of the universe in the Lorentz-

covariant world. Is there a variable we do not measure in this Lorentz-

covariant system?

Like Dirac, Feynman wrote many papers with the purpose of combining

quantum mechanics with Einstein’s special relativity. However, his style

of presentation is quite different from that of Dirac. We have listed their

differences in Table 1.1. On the other hand, this table shows a possibility of

combining their ideas for constructing a Lorentz-covariant form of quantum

Table 1.1 Dirac and Feynman. Two different persons for the same purpose. They

did not realize that their papers can be translated into the language of Wigner’s
little groups which dictate the internal space-time symmetry of particles in the

Lorentz-covariant world.

Paul A. M. Dirac Richard P. Feynman

Means of
expression

Poems
Diagrams
cartoons

Personality
Seldom talks

to anyone

Willing to join the crowd

anywhere in the world

Primary
interest

Standing waves
Bound States

Running waves
Scattering States

Favorite tools
of research

Four-by-four matrices
Harmonic oscillators

Path integrals
Harmonic oscillators
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mechanics.

1.3 Wigner’s Little Groups

In this book, we choose to achieve this goal by translating Dirac’s papers

and Feynman’s papers to the mathematics of Eugene Wigner which dictates

the internal space-time symmetries of particles in the Lorentz-covariant

world.

As for Wigner’s mathematics, we are talking about his 1939 paper en-

titled Representations of the Inhomogeneous Lorentz Group published in

Annals of Mathematics [Wigner (1939)]. This paper also requires a trans-

lation. In this paper, Wigner constructed the subgroups of the Lorentz

group whose transformations leave the momentum of a given particle in-

variant. These subgroups are called Wigner’s little groups. Fortunately

these little groups can be translated into the language of two-by-two ma-

trices and harmonic oscillators.

Indeed, using matrix algebra, it is possible to derive the result given

in the second row of Table 1.2. Using the oscillator representation, it is

possible to derive the result given in the third row of the same table. A

particle at rest can have three spin orientations. If it is Lorentz-boosted, the

longitudinal component remains as the helicity. The transverse components

collapse into one gauge degree of freedom.

For bound-states, we believe that the same quantum mechanics is appli-

cable to the hydrogen atom and to the proton in the quark model. While the

hydrogen atom cannot be accelerated, modern accelerators routinely pro-

duce protons moving with speed very close to that of light. For these fast-

moving protons, Feynman, in 1969, formulated his parton picture [Feynman

(1969a,b)].

In this picture, the proton consists of a collection of partons which ap-

pear to be quite different from the quarks. Indeed, using the oscillator

representation of Wigner’s little groups, it is possible to describe the quark

model and the parton picture as two limiting cases of one Lorentz-covariant

entity [Kim and Noz (1977)]. This result is given in the third row of Ta-

ble 1.2.

1.4 Scope of This Book

In Chapter 2, we shall discuss Einstein as a philosopher. What kind of

philosopher was he? On his gravestone in London, Karl Marx says The
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Table 1.2 Further contents of Einstein’s E = mc2. The first row shows that Ein-
stein’s Lorentz-covariant expression gives two different forms of the energy-momen-

tum relation for slow (massive) particles and fast (massless) particles. The second

row illustrates that Wigner’s little groups gives the two different expressions for the
massive and massless particles. The third row shows that Gell-Mann’s quark model

for slow hadrons and Feyman’s parton model are two different limits of one covariant

entity.

Massive

Slow

Lorentz

Covariance

Fast

Massless

Energy
Momentunm

mc2 + p2/2m
Einstein’s

E =

√
(mc2)2 + (cp)2

E = cp

Helicity S3 Wigner’s Helicity

Spin, Gauge S1, S2 Little Group Gauge Trans.

Quarks Quark Covariant Parton

in Proton Model Oscillator Picture

philosophers have only interpreted the world in various ways. The point

however is to change it. Einstein was most certainly a world-changing

philosopher. Einstein started as a Kantianist [Howard (2005)], but he be-

came a world-changing philosopher of his own kind. In Chapter 3 we give

a broad outline of Einstein’s life until he left Europe for the United States

in 1933. In Chapter 4, we detail Einstein’s life in the United States and his

influence on the development of the nuclear bomb.

In Chapters 5, 6,and 7, we introduce the Lorentz group as an algebra

based on two-by-two matrices, and discuss Wigner’s little groups applica-

ble to internal space-time symmetries of particles in the Lorentz-covariant

world. It is shown that the Dirac equation serves as a representation of the

little groups.

In Chapter 8, it is shown possible to construct a representation of

Wigner’s little group for massive particles using harmonic oscillator wave

funtions. In Chapter 9, we use these Lorentz-covariant oscillators for some

of the outstanding issues in high-energy physics. It is shown that the bound-

state quark model for the slow proton and the parton picture of fast moving

proton are two limiting cases of one Lorentz-covariant entity. We thus com-

plete Table 1.2
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In Chapter 10, it is noted that the density matrix allows us how to deal

with the variables which are not observed or observable in quantum me-

chanics. According to Feynamn, they belong to the rest of the universe. In

the covariant formulation, the time-separation between two bound particle

plays an important role, but this variable is in the rest of the universe. We

study the effect of this variable when the bound-state is Lorentz-boosted.

In Chapter 11, it is noted that harmonic oscillators and two-by-two

matrices are applicable to all branches of physics. It is shown that the

two-by-two representation of the Lorentz group and harmonic oscillators

constitute the underlying scientific language for classical optics, quantum

optics, and information theory.
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Chapter 2

Einstein’s Philosophical Base

Einstein is known as a physicist, but he is also known as a philosopher. If

that is the case, what kind of philosopher was he? Karl Marx seems to

know the answer to this question as seen in Fig. 2.1.

Fig. 2.1 Karl Marx on philosophers. He says The philosophers have only interpreted
the world in various ways. The point however is to change it. Marx is talking about

Einstein yet to be born. [potos by Y.S. Kim (2008)]

We all know how Einstein changed the world with his E = mc2. The

question is where Einstein stands among the philosophers who shaped our

way of thinking.

It is known that Einstein’s conceptual base for his theory of relativity

was the philosophy formulated by Immanuel Kant [Howard (2005)]. Things

appear differently to observers in different frames. However, Kant’s Ding-

an-Sich leads to the existence of the absolute reference frame which is not

acceptable in Einstein’s theory. It is possible to avoid this conflict using

9
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the ancient Chinese philosophy of Taoism where two different views can

co-exist in harmony.

This Taoist view is not enough to explain Einstein’s formulation E =

mc2, which takes the form of

E =

√
(mc2)

2
+ (cp)2, (2.1)

which becomes

E = mc2 +
p2

2m
, and E = cp, (2.2)

in the limits of small and large p/mc, respectively.

By synthesizing the two formulae of Eq. (2.2) into the one formula of

Eq. (2.1), Einstein followed the Hegelian way of approaching problems.

Isaac Newton synthesized open orbits for comets and closed orbits for

planets to create his second law of motion. Maxwell combined electricity

and magnetism to create his four equations leading to the present-day wire-

less world. In order to reconcile wave and particle views of matter, Heisen-

berg formulated his uncertainty principle. Special relativity and quantum

mechanics are the two greatest theories formulated in the 20th Century.

It is the mission of the present generation of physicists to synthesize these

two theories. For this purpose, let us examine Einstein’s philosophical

background.

2.1 Introduction

Einstein studied the philosophy of Immanuel Kant during his earlier

years [Howard (2005)]. It is thus not difficult to see he was influenced

by the Kantian view of the world when he formulated his special theory of

relativity. It is also known that, in formulating his philosophy, Kant was

heavily influenced by the environment of Königsberg where he spent the

entire eighty years of his life. The first question is what aspect of Kant’s

city was influential to Kant. We shall start with this issue in this chapter.

In Einstein’s theory, one object looks differently to observers moving

with different speeds. This aspect is quite consistent with Kant’s philos-

ophy. According to him, one given object or event can appear differently

to observers in different environments or with different mindsets. In order

to resolve this issue, Kant had to introduce the concept of Ding-an-Sich

or thing in itself meaning an ultimate object of absolute truth. Indeed,

Kant had a concept of relativity as Einstein did, but his Ding-an-Sich led
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to the absolute frame of reference. Here Kantianism breaks down in Ein-

stein’s theory. Kant’s absolute frame does not exist according to Einstein.

In order to resolve this issue, let us go to the ancient Chinese philosophy

of Taoism.

Here, there are two different observers with two opposite points of view.

However, this world works when these two views form a harmony. In-

deed, Einsteinism is more consistent with Taoism. The energy-momentum

relation is different for a massive-slow particle and for a fast-massless parti-

cle. Einstein’s relativity achieved the harmony between these two formulae.

This leads us to Hegel’s approach to the world. If there are two oppo-

site things, it is possible to derive a new thing from them. This is what

Einsteinism is all about. Einstein derived his E = mc2 from two different

expressions of the energy-momentum relation for massive and massless par-

ticles. Einstein thus started with Kantianism, but he developed a Hegelian

approach to physical problems. Indeed, this encourages us to see how this

Hegelianism played the role in developing new laws of physics. For instance,

Newton’s equation of motion combines the open orbits for comets and the

closed orbits of planets.

If this Hegelian approach is so natural to the history of physics, there

is a good reason. Hegel derived his philosophy by studying history. Hegel

observed that Christianity is a product of Jewish one-God religion and

Greek philosophy. Since Hegel did not understand physics, his reasoning

was based on historical development of human relations. It is thus an

interesting proposition to interpret Hegel’s philosophy using the precise

science of Physics.

In Secs. 2.2 and 2.3, we review how Kantianism was developed and

how Einstein was influenced by Kant. In Sec. 2.4, it is pointed out that

Hegelianism is the natural language for creating a new physics based on

two established theories. In Sec. 2.5, we observe that Einstein plays a

transitional role from Kant to Hegel. In Sec. 2.6, it is noted that Max Born

developed his reciprocity principle from the symmetry between between

the space-time and energy-momentum coordinates. Finally, in Sec. 2.7,

we examine whether Einstein was interested in hearing about Taoism from

Hideki Yukawa who was a Taoist scholar [Tanikawa (1979)].

2.2 Geographic Origin of Kantianism and Taoism

Immanuel Kant (1724-1804) was born in the East Prussian city of

Königsberg, and there he spent the 80 years of his entire life. It is agreed
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that his philosophy was influenced by the lifestyle of Königsberg. The city

of Königberg (now Kaliningrad) is located at the Baltic wedge between

Poland and Lithuania. It is also between two large lagoons. This place

served as the traffic center for maritime traders in the Baltic Sea. In addi-

tion, this city is between the eastern and western worlds. However, there

are no natural boundaries such as rivers or mountains. Thus, anyone with

a stronger army could come to this area and run the place [Applebaum

(2017)].

For instance, Königsberg was a German city when Kant wrote his books.

The same city became a Russian city of Kaliningrad after the Soviet troops

occupied that area during World War II. Immanuel Kant is still respected

there, and the university there is called Kant State University. The city

maintains a museum dedicated to Kant as shown in Fig. 2.2.

Indeed, Königsberg was a meeting place for many people with different

ideas and different view points. Kant observed that the same thing can

appear differently depending on the observer’s location or state of mind.

The basic ingredients of Taoism are known to be two opposite elements

Yang (plus) and Ying (minus). This world works best if these two elements

form a harmony. However, the most interesting aspect of Taoism is that its

geographic origin is the same as that of Kantianism.

After the ice age, China started as a collection of isolated pockets of

population. They then came to the banks of the Yellow River, and started

to communicate with those from other areas. They drew pictures for writ-

ten communication leading eventually to Chinese characters. How about

different ideas? They grouped many different opinions into two groups,

leading to the concept of Yang and Ying. Immanuel Kant considered many

different views, but he concluded that there must be one and only one truth.

Indeed, Taoism and Kantianism started with the same environment, but

Kant insisted on one truth called Ding-an-Sich, while Taoism ended up with

two opposing elements. It is however interesting to note that both Kan-

tianism and Taoism were developed from the same geographical condition,

namely different people coming to one place.

We can understand how Taoism was developed by looking at a more

recent historical development. The North American continent was a new

land for European immigrants. Those Europeans wanted to create a gov-

ernment which would reflect all different opinions. The result was to create

two political parties.
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Fig. 2.2 Kant museum and Kant’s grave in Kaliningrad, Russia. Kaliningrad was the

German city of Königsberg when Kant was born and lived there for 80 years. Since Kant

did not believe in Jesus, his grave is outside the the Königsberg Cathedral. Russians
respect Kant, and the museum and the grave are well kept. [Photos by Y.S. Kim (2005)]

2.3 Kantian Influence on Einstein

During his early years, Einstein became quite interested in Kant and studied

his philosophy rigorously [Howard (2005)]. This was quite common among

young students during his time. Einstein however studied also physics, and

got an idea that one object could appear differently for observers moving

with different speeds. Let us go to Fig. 2.3. According to Kant, an object

or event looks differently to different observers depending on their places or

states of mind. A Coca-Cola can look like a circle if viewed from the top.

It appears like a rectangle if viewed from the side. The Coca-Cola can is

an absolute thing or his Ding-an-Sich. Likewise, the electron orbit of the

hydrogen atom looks like a circle for an observer when both the hydrogen

atom and the observer are stationary. If the hydrogen atom is on a train,

our first guess is that it should look like an ellipse. This is what Einstein

inherited from Kant.

Let us come back to Einstein. Like Kant, Einstein started from different

observers looking at a thing differently, but ended up with a particle at

rest and the same particle moving with a speed close to that of light. He

then derived his celebrated energy-mass relation, as indicated in Fig. 2.4.

Einstein had to invent a formula applicable to both. This is precisely a

Hegelian approach to physics. It is not clear whether Einstein knew he

was doing Hegel. This remains as an interesting historical problem. As for

Einstein’s hydrogen atom, we now have hadrons which are bound states

of quarks, while the hydrogen atom is a bound state of a proton and an

electron. The proton is a hadron and is a charged particle which can be
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Fig. 2.3 A Coca-Cola can appears differently to two observers from two different an-
gles. Likewise, the electron orbit in the hydrogen atom should appear differently to two

observers moving with two different speeds [Bell (2004)].

accelerated to the speed very close to that of light.

Quark and parton models were 

developed separately for slow 

and fast hadrons respec!vely. 

 

According Einstein, there 

should be a single en!ty 

applicable to both. 

Fig. 2.4 The energy-momentum relation of a particle takes a different form when the
particle moves with different speeds. Let us choose two limiting cases. Einstein was

able to find the same formula applicable to both. In so doing, he found his E = mc2

which means E =

√
(mc2)2 + (cp)2. Likewise, the quark model [Gell-Mann (1964)] and

the parton model [Feynman (1969a,b)] should produce a Lorentz-covariant picture of
the bound state. Does this mean that the system requires an absolute Lorentz frame, or

Kant’s Ding-an-Sich? The answer is No. Indeed, Kant attempted to formulate his theory

of relativity with an absolute coordinate system corresponding to his Ding-an-Sich. This
is the basic departure of Einsteinism from Kantianism.

Yes, Einstein was interested in how things appear to two different ob-

servers: one stationary and the other moving with velocity v along the

z direction. Let their coordinates be z and z′ respectively. Then their

coordinates are related by

z′ = z + vt (2.3)
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in the traditional world. However, by the time of Einstein, it was known

that the time variable also undergoes a change, so that

t′ = t+
vz

c2
, (2.4)

where c is the speed of light. In our daily life, the velocity of a moving

object, such as a train or airplane is so small compared with c, we can

ignore the change in the t variable. However, the situation is quite different

when v is comparable with c as in the case of protons coming from high-

energy accelerators.

Indeed, Eqs.(2.3) and (2.4) lead to

(z′)
2 − (ct′)

2
=

[
1−

(v
c

)2] (
z2 − c2t2

)
, (2.5)

and to the transformation law

(
z′

ct′

)
=

(
cosh η sinh η

sinh η cosh η

)(
z

ct

)
, (2.6)

with

sinh η =
v√

c2 − v2
, cosh η =

c√
c2 − v2

, (2.7)

which can be combined into

v

c
= tanh η. (2.8)

The transformation given in Eq. (2.6) is known as the Lorentz transforma-

tion. The translation of physics from one value of η to that of another value

of η is called the Lorentz covariance. The equality of Eq. (2.5) leads to

(ct′)2 − (z′)2 = (ct)2 − (z)2 (2.9)

which is independent of parameter η. If the quantities remain invariant

under Lorentz transformations, they are called Lorentz invariants.

Like Kant, Einstein was interested in observers in different environ-

ments. He was interested in physics with different values of η. He was

particularly interested in combining the physics with η = 0 (at rest) with

the physics with η → 1 (moving as fast as light).
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Fig. 2.5 Hegelhaus in Stuttgart (Germany) and a portrait of Hegel talking to his pub-

lisher. [photos by Y.S. Kim (2012)]

Fig. 2.6 Progress in physical theories is made when two theories are combined into one.

The left side of this figure shows how mechanics was developed. The right side shows

how mechanics and electromagnetism were led to obey the same transformation law.

2.4 Hegelian Approach to the History of Physics

Since Hegel formulated his philosophy while studying history, it is quite

natural to write the history of physics according to Hegel. First of all,

Isaac Newton combined hyperbolic-like orbits for comets and elliptic orbits

for planets to derive his second-order differential equation which is known

today as Newton’s second law, as is illustrated in Fig. 2.6.

James Clerk Maxwell combined the theory of electricity and that for

magnetism to formulate his electromagnetic theory leading to the present

world of wireless communication. Einstein noted Newton’s mechanics and
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Maxwell’s equations obey different transformation laws. He made both to

obey the same transformation law, leading to his theory of relativity. Max

Planck observed that the radiation laws are different for low- and high-

frequency limits. By deriving one formula for both, he discovered Planck’s

constant.

Werner Heisenberg observed that matter appears as a particle and also

appears as a wave, with entirely different properties. He found the common

ground for both. In so doing, he found the uncertainty relation which con-

stitutes the foundation of quantum mechanics. Indeed, quantum mechanics

and special relativity were the two most fundamental theories formulated in

the twentieth century. They were developed independently. The question

is whether they can be combined into one theory. We shall examine how

the Hegelian approach is appropriate for this problem in Sec. 2.5.

2.5 Einstein between Kant and Hegel

Einstein started as Kantianist. However, it is clear that he became a

Hegelianist while formulating his special relativity as shown in Fig. 2.4.

Thus, he plays a transitional role from Kant and Hegel.

In order to emphasize his role as a Hegelianist, let us consider another

way in which Einstein derived his E = mc2. By the time of Einstein, the

rule of Lorentz transformations was well established for the space and time

coordinates, thanks to Lorentz, Poincaré, and Minkowski.

This undoubtedly led Einstein to suspect the rule of Lorentz covariance

also applied to momentum space. The Lorentz transformation applica-

ble to the Minkowski space of (x, y, z, t) was well known to him. For the

space coordinates of (x, y, z), their conjugate momentum coordinates are

(px, py, pz). Einstein’s idea for the variable conjugate to the time variable

was E, the energy of the particle. Einstein thus considered a conjugate

Minkowski space of

(px, py, pz, E/c) , (2.10)

to which the rule of Lorentz transformations is applicable.

In the Lorentz-covariant world, the quantity

(ct)2 − x2 − y2 − z2 (2.11)

remains invariant under transformations. Likewise, the quantity

E2 − p2x − p2y − p2z. (2.12)
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should remain constant. According to Einstein, this quantity is mc2. This

becomes

E =

√
(mc2)

2
+ (cp)2, (2.13)

with

p2 = p2x + p2y + p2z. (2.14)

Einstein’s logic presented in this section is not a straight-forward appli-

cation of Hegelianism. However, this logic was influenced by Hegel or could

be called Reverse-Hegelianism.

2.6 Born’s Reciprocity Principle

Inspired by this symmetry, Max Born came up with an idea of relativis-

tic dynamics based on the symmetry between space-time and momentum-

energy. Born’s effort along this direction is known as the reciprocity prin-

ciple [Born (1938, 1949)]. His key point is whether the phase space can be

made Lorentz-covariant.

Inspired by Born’s reciprocity Hideki Yukawa in 1953 noted that the

equation of motion for the harmonic oscillator takes the same form for

both momentum and space coordinates. In addition, the space-time and

momentum-energy coordinates are not Lorentz-covariant. With this ob-

servation, he constructed harmonic oscillator wave functions that can be

Lorentz-transformed [Yukawa (1953)].

Indeed, the authors of this book wrote their first joint paper based on

the Lorentz-covariant oscillator wave function written down by Yukawa in

his 1953 paper [Yukawa (1953)].

2.7 Einstein and Yukawa

While in the United States, from 1933 to 1955, Einstein did not talk to too

many physicists. Hideki Yukawa was one of those small number of people

with whom he talked. In 1948, Hideki Yukawa was invited to Princeton’s

Institute for Advanced Study and stayed there for one year until he moved

to Columbia University in 1949.

The question is what they talked about. In view of the paper Yukawa

published while at Princeton [Yukawa (1949)], it is possible that they talked

about Born’s reciprocity principle. However, Einstein could have been more

interested in hearing about Taoism from Yukawa. Yukawa was known as a
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Taoist scholar who was capable of reading the original Chinese books writ-

ten by Laotze and Changtze more than 2500 years ago [Tanikawa (1979)].

In view of Einstein’s keen interest in Kantianism, it is possible that he

wanted to hear about Taoist philosophy from Yukawa.

In Taoism, many things or events converge into two contrasting groups.

The harmony of these two groups make this world go round. However,

Taoism does not tell how to synthesize these two groups into one. Einstein

synthesized two different formulae into one as described in Fig. 2.4. Thus,

there is every reason to believe that Einstein was interested in where he

stands in the map of philosophers.

Fig. 2.7 Map of philosophers. This map tells how Einstein’s philosophical background

is working in deriving his E = mc2. He started with E = p2/2m for all massive particles,

and E = cp for all massless particles. Einstein then synthesized these two formulae to
E =

√
m2C4 + (cp)2. This tells us why Einstein was interested in talking with Yukawa

(in the middle) who was a Taoist. The other person (in white dress) is John A. Wheeler

who was interested in converting Einstein’s general relativity into experimentally testable
science. There was also a good reason for Einstein to be happy with Wheeler.

Based on the reasoning given in this chapter, we can construct a map of

the philosophers as shown in Fig. 2.7. Philosophers construct their opinions

of the world from their observations of social behaviors and historical de-

velopments, because they do not understand physics. In terms of physics,

Einstein gives a precise way in which the philosophers can develop their

theories.
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Chapter 3

More about Einstein

Einstein was born in Ulm in 1879, but his family moved to Munich when

he was an infant. In Munich, Einstein’s father, together with his younger

brother, owned and operated a very profitable electric appliance factory

with up to 200 employees. In Munich, the Einstein family enjoyed an

affluent life.

Alas in 1894, their company became bankrupt. While their factory was

producing DC-based electrical appliances, the AC revolution put those DC

factories out of business. Thus, when Einstein was 15 years old, he had to

go to Italy with his parents. They first moved to Milan, and then to Pavia.

One year later, in 1895, at the age of 16, Albert went to Switzerland.

There, he finished his high-school education. Two years later in 1897,

Einstein entered Zürich Federal Polytechnic Institute for his four years of

college program. This school is known today as ETH (Eidgenössische Tech-

nische Hochschule).

Like all physicists, Einstein had to spend frustrating years of job hunting

after his graduation. In 1903, he found a position and married Mileva Marić

who was his classmate at the ETH. He became a research assistant at the

Swiss patent office in Bern, Switzerland, and stayed there until 1909. After

numerous scientistic achievements, Einstein went back to the ETH in Zurich

as an associate professor.

While in Bern, in 1905, Einstein completed his history-making work

on special relativity leading to his E = mc2. In the same year, he was

awarded a PhD degree by the University of Zurich. Einstein was 26 years

old in 1905.

After spending one year (1911-12) as a professor at Charles Univer-

sity in Prague, Einstein returned to the ETH as a professor. There, with

Marcel Grossmann, Einstein studied Riemannian geometry dealing with

21
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curved space-time. Einstein and Grossmann were classmates when they

were students at the ETH. This is how Einstein became deeply interested

in developing his general theory of relativity. In 1911, Einstein concluded

that a light ray coming to earth from a star should be bent by the sun’s

gravity. In 1916, Einstein completed his theory of general relativity.

In 1914, Einstein moved to Berlin to become a professor at Humboldt

University. While in Berlin in 1919, after a prolonged separation and di-

vorce from his first wife Mileva, Einstein married Elsa Lowenthal. It is said

that Einstein had a romantic relation with Elsa for many years before their

marriage. Elsa came to the United States with Einstein in 1933, but she

died in 1936.

Hitler’s persecution of Jews forced Einstein to immigrate as a refugee

to the United States in 1933. Einstein had his house in Princeton and

his office at the Institute for Advanced Study. He became a citizen of the

United States in 1940.

One year earlier, in 1939, Einstein signed a letter to President Roosevelt

urging him to develop nuclear bombs. This is the reason why Einstein is

known to the public as a bomb builder, but this is not the exact description

of Einstein’s role in developing nuclear bombs.

In Sec. 3.1, we point out that Einstein developed his special theory of

relativity while working for the Swiss patent office. The city of Bern is

quite proud of being the birth place of Einstein’s E = mc2, and maintains

two museums dedicated to him.

In Sec. 3.2, it is pointed out that, while in Bern, Einstein did the ground

work for quantum mechanics. He published papers on the photo-electric

effect and the specific heat of solids. In these papers, Einstein gave a

physical meaning to Planck’s constant.

In 1921, Einstein received the Nobel Prize in physics for his work on the

photo-electric effect, but not for his relativity theories. In Sec. 3.3, we list

the direct experimental consequences of his special relativity and E = mc2.

3.1 Einstein’s Bern, the Birth Place of E = mc2

Einstein spent seven years in Bern, Switzerland (1903 - 1909) while work-

ing for the Swiss patent office. While in Bern, Einstein lived with his wife

in an apartment building at 49 Kramgasse. During this period, Einstein

completed his special theory of relativity in 1905. In 2005, in commemo-

ration of 100th year of Einstein’s formulation of relativity, the city of Bern

converted this building to a museum called Einsteinhaus, as can be seen
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Fig. 3.1 Einsteinhaus in Bern. With his first wife, Einstein lived on the 2nd floor of
this apartment building. In front of this building, there is brass plate saying Einstein

completed the theory of relativity during the period 1903-1905. [photos by Y.S.Kim
(1997)]

in Fig. 3.1. In front of this building, there is brass plate saying Einstein

formulated his relativity theory at this place.

Since this museum is dedicated to Einstein, there are numerous photos

and displays. It is assumed that Einstein met many physicists and philoso-

phers while in Bern. Indeed, Einstein spent his most creative years while

living in this building. This museum contains many interesting photos,

writings, and illustrations about Einstein. The following items are partic-

ularly interesting.

• Photo of Einstein’s parents.

• Photo of Einstein with his first wife.

• Einstein’s Genealogy, as complicated as other notable persons.

• Einstein’s passport pages. Before coming to the United States, Ein-

stein travelled from Germany to many different countries including

Italy, Switzerland, Czechoslovakia, and Japan.

• The posters giving a brief description of Einstein’s life in Bern

(1903-09), and description of his life in Berlin.

• A photo of the Swiss patent office where Einstein worked.
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Fig. 3.2 Two museums in Bern dedicated to Einstein. In 2005, in order to celebrate 100

years of Einstein’s E = mc2, the city of Bern converted the apartment building where

Einstein lived into a museum called Einsteinhaus. In the same year, the city created the
Einstein Museum within its history museum complex. [photos by Y.S.Kim (2012)]

• Photos showing Einstein a music lover. He played a violin.

• The desk and chair he used when he was writing his articles on

relativity.

• Photos of Einstein’s life at ETH, before coming to Bern.

In 2005, in order to celebrate the centennial year of E = mc2, the city

of Bern created another museum within the Historical Museum of Bern

complex as shown in Fig. 3.2. This Einstein Museum is located about

two kilometers south of the Einsteinhaus (within walking distance). The

Einstein Section was refurbished to meet modern high-tech standards.

This museum contains a vast collection of Einstein-related materials,

including many photos, magazine covers, numerous awards including his

Nobel Prize certificates, as well as anti-semitic materials aimed against

him.

There are photos of the electric appliance factory the Einstein family

once owned in Munich. According to the belongings shown in this museum,

Einstein came from a very affluent family. The following items particularly

show how rich his family was in Munich.
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• Photos of the electric appliance factory owned and operated by the

Einstein family.

• A replica of the family dinner table while in Munich.

• The typewriter and telephone owned by the family.

• One of his class photos when Einstein went to his school in Munich.

However, this company became bankrupt in 1894, and Einstein’s family

had to move to Italy. One year later, in 1895, Einstein came to Switzerland

to continue his studies. After finishing his secondary education, Einstein

entered ETH for college education. The museum contains some photos of

his life while he was a student there. The museum shows off many photos of

his life in Bern and Berlin, and in the United States, including the following

items.

• There is a photo of Einstein working in the patent office. He looks

quite hopeless.

• Einstein’s Nobel Prize citation. He received his Nobel Prize in

1921 for his interpretation of the photo-electric effect, not for his

formulation of the theory of relativity.

• Photos of Einstein with his second wife, Elsa Lowenthal.

• Cartoon of Einstein as a Jewish animal being kicked out from Eu-

rope.

• Time Magazine covers carrying Einstein’s images, including the

image of Einstein with that of Marilyn Monroe, as two of the most

popular Americans during the period 1950-55.

• The luggage cases he used when he immigrated to the United States

in 1933, indicating that Einstein was not a poor person.

Yes, the city of Bern maintains these two excellent museums to show

the life of Albert Einstein. However, these museums do not show anything

about his philosophical inclinations. For instance, they could show how

Einstein became interested in Immanuel Kant during his childhood.
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Fig. 3.3 Statues of Max Planck (1858-1947 (left)) and Hermann von Helmholtz (1821-

1894) in the front yard of Humboldt University in Berlin. Helmholtz was also a history-
making physicist. He formulated the law of energy conservation, among others. [photos

by Y.S.Kim (2017)]

3.2 Einstein’s Contribution to Quantum World

Einstein made important contributions to quantum physics during its early

years, with his interpretation of the photo electric effect and his calculation

of the specific heat of solids. Einstein was able to make these contributions

only because Max Planck introduced a phenomenological constant when he

constructed his formula for black-body radiation.

Planck was born in 1858 and died in 1947. He spent his final years

in the city of Göttingen which served as the head quarters of European

physics during the 1930s. He weathered the war years of World War II, but

it appears that he was too old to play a role in Hitler’s project to develop

nuclear bombs.

Planck was a professor at Humboldt University of Berlin from 1889 until

he moved to Göttingen in 1928. His statue, as a humble-looking professor,

is in the front yard of this university as shown in Fig. 3.3.

Planck observed that black-body radiation density, according to Raleigh

and Jeans, is

BT (ω) =

(
kT

8π4

)
ω4, (3.1)

where k is Boltzmann’s constant. This formula is valid only for small values

of ω. On the other hand, according to Wien’s observation, the upper limit
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Table 3.1 Frogs and birds in physics. In deriving his radiation formula,

Planck not only discovered a constant named after him, but also intro-

duced two different ways of looking at physics. As we emphasized in
Chapter 2, this is a Hegelian approach to physics, which Einstein later

used deriving his energy-momentum relation.

Frogs Birds Frogs

Black-body

radiation

Raleigh-

Jeans
Planck Wien

Energy-

momentum
p2/2m

Einstein’s

E =

√
(cp)2 + (mc2)2

E = cp

on this distribution is

~ωmax = (0.4965)kT. (3.2)

In 1900, Planck concluded that the radiation density should be [Planck

(1900)]

BT (ω) =

(
~ω3

4π3c2

)
1

e(~ω/kT ) − 1
(3.3)

This formula indeed gives the radiation density for all values of the fre-

quency ω. This is widely known as Planck’s radiation formula. From this

formula, Planck concluded that ~ω is a measure of energy.

When Planck derived this formula, the frequency was measured in ν,

and ~ in h, where ω = 2πν and ~ = h/2π. Thus, in his original papers,

he used the notation hν for ~ω. The constant h was an unknown constant

which converts the frequency ν into the units of energy, and became known

later as Planck’s constant. In this book, for convenience, we shall call ~
and ω Planck’s constant and frequency respectively.

In addition to the introduction of this new constant, Planck introduced

a new way of looking at physics. He developed a bird’s view and a frog’s

view toward physics. Let us go to Table 3.1. Frogs developed the local laws,

and birds synthesized the local laws into one global law. This approach to

physics was discussed in Chapter 2 as a Hegelian process.

Yes, ~ω is measured in units of energy, but what kind of energy is it?

Einstein’s interpretation of the photo-electric effect answers this question.

If a metal plate is heated, electrons come out with speed. Likewise, if a

light beam hits the metal plate, electrons also come out. This was known
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before Einstein became interested in this subject. Einstein noted that the

kinetic energy of emitted electrons satisfy the relation

Kinetic energy = ~ω − φ, (3.4)

where ω is the frequency of the incoming light, and φ was a constant de-

pending on materials.

This means that each electron absorbs the energy of ~ω and uses φ to

overcome the potential barrier to come out of the metal. This means that

the light wave can be considered as a collection of particles carrying the

energy of ~ω.

Einstein with his E =

√
(cp)2 + (mc2)

2
was able to interpret that the

light wave can be regarded as a collection of massless particles whose energy

is pc which can be converted to ~ω. These particles then have a momentum

equal to ~ω/c. By doing this, Einstein introduced the concept of massless

particles called photons. In this way, Einstein defined the role of Planck’s

constant as a tool for defining the dual nature of matter as particles and

waves.

Einstein had to face a stiff resistance from his colleagues on this issue.

How can waves be particles? However, he received strong support from

Planck. Max Planck received his Nobel Prize in 1918, and Einstein got his

in 1921 for his interpretation of photo-electric effect.

Einstein made another history-making contribution to quantum theory,

namely discrete energy levels. In 1907, assuming that the energy of elec-

trons take discrete values of n~ω, Einstein calculated that the heat capacity

of solids decreased rapidly as the temperature decreases.

Later in 1926, Erwin Schrödinger, using his wave mechanics, produced

equal-spaced energy levels for the harmonic oscillator. This is the reason

why Einstein’s specific heat is called the harmonic oscillator model. It is

remarkable that Einstein constructed his formula for heat capacity without

Schrödinger’s picture of quantum mechanics.

Einstein’s formula gives the rapid decrease, but does not give an accu-

rate description near T = 0. In order to fix this problem, Peter Debye had

to introduce the concept of phonons in 1912. This aspect is well known.

Yet, we all know how essential the concept of discrete values of energy

was to later development of wave mechanics and quantum mechanics. Ein-

stein introduced this concept. By 1927, Einstein became a prominent figure

in the community of physicists, as shown in the photo of the participants

of the 1927 Solvay Conference held in Brussels Fig. 3.4.
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Fig. 3.4 Participants of the Solvay Conference 1927. From back to front and from left

to right: Auguste Piccard, Émile Henriot, Paul Ehrenfest, Édouard Herzen, Théophile de

Donder, Erwin Schrödinger, Jules-Émile Verschaffelt, Wolfgang Pauli, Werner Heisen-
berg, Ralph Howard Fowler, Léon Brillouin, Peter Debye, Martin Knudsen, William

Lawrence Bragg, Hendrik Anthony Kramers, Paul Dirac, Arthur Compton, Louis de

Broglie, Max Born, Niels Bohr, Irving Langmuir, Max Planck, Marie Sklodowska Curie,
Hendrik Lorentz, Albert Einstein, Paul Langevin, Charles-Eugéne Guye, Charles Thom-

son Rees Wilson, Owen Willans Richardson. (photo from the public domain)

3.3 Experimental Verification of Einstein’s Special Relativ-

ity

Einstein did not get the Nobel prize for relativity, because the Nobel com-

mittee members did not believe his general relativity was a complete theory.

They thought his special relativity serves only as a stepping stone toward

the general theory. The Nobel Committee could not fully appreciate the

physical consequences predicted by Einstein’s special relativity, which came

in later years. Let us discuss some of the early experimental consequences.

In 1930, Wolfgang Pauli noted there was an inconsistency in the decay

of the neutron into a proton and an election, not only in terms of the conser-

vation of angular momentum, but also in terms of energy and momentum

conservation. In order to preserve these indispensable conservation laws as

well as Einstein’s energy-momentum relation, Pauli then predicted a new

particle called a neutrino, as shown in fig.(a) of Fig. 3.5. The neutrino is
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neutron

proton

electron

neutrino

   fig.(a)    fig.(b)

600m

m meson

 

m at rest

v
 =
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.9
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c

6000m

2 micro secs.10 micro secs.

Fig. 3.5 Experimental proof of Einstein’s special relativity. Neutron decaying into the

proton, election, and neutrino. There is a mass difference of 2.4 MeV. Thus, during

the decay process, this energy is transfered to the electron mass, electron kinetic energy
and the energy of the massless neutrino, while the total momentum is conserved. The µ

meson is shown as decaying at different rates depending on whether it is traveling with

a speed close to that of light or is at rest.

a neutral particle and was not detectable with technologies available at his

time.

In 1935, Hideki Yukawa predicted a particle heavier than an electron

and lighter than a proton [Yukawa (1935)]. This new particle was called the

meson. Using the cloud chamber he used to detect positrons in 1932 [An-

derson (1933)], Carl Anderson in 1936 discovered mesons in cosmic rays

bombarding this earth. They were initially understood as the mesons pre-

dicted by Yukawa in 1935. They were later determined to be different, and

were called µ mesons or muons. The lifetime of this meson is approximately

2 micro-seconds.

Let us go to fig.(b) of Fig.3.5. In this figure, a muon is created 6000

meters above the ground and decays when it comes down to the ground after

10 micro-seconds. The speed of the muon is 0.98 c. On the other hand,

measured from the muon rest frame, it reaches the ground after 2 micro-

seconds. This phenomenon clearly establishes the validity of Einstein’s

special relativity with includes time dilation and space contraction.

Thus far, all the particles with relativistic speeds were from cosmic rays.

In 1929, an American physicist named Ernest Lawrence came up with an

idea of accelerating a proton by a machine, called the cyclotron. His first

cyclotron was constructed in 1931. The idea is to let the proton circle

around in the constant magnetic field as shown in Fig. 3.6. The frequency

of this circular motion and the time period required to make one complete
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Fig. 3.6 Ernest Lawrence and expanding proton orbit in the cyclotron. The frequency

of one cyclic motion is independent of speed. Thus, the proton with a larger radius

moves faster. However, if the proton speed becomes comparable with that of light, the
period of one cyclic motion becomes longer. This is due to Einstein’s special relativity.

(photos from the public domain)

motion are

ω =
eB

mc
, T =

2πmc

eB
,

respectively, where m and B are the proton mass and the magnetic fields

respectively. These formulae do not depend on the radius of the circular

motion. Thus, the proton with a larger radius moves faster.

According to Einstein’s special relativity, the period becomes

T =
2πmc

eB
√

1− (v/c)2
.

Thus, T should be modulated when the radius of the circle becomes larger.

The particle accelerator taking into account this effect is called synchro-

cyclotron or frequency-modulated cyclotron. There were four synchrocy-

clotrons built in the United States by 1954, and this marked the beginning

of high-energy particle physics.

Finally, let us discuss E = mc2 with the numbers closer to our daily life.

Unlike Roman Emperors, humans these days enjoy conveniences provided

by electric power. It is possible to estimate the electric energy consumed

by all humans for one year and covert it to mass. We can begin with the

monthly electric energy consumption from the electric bills. The energy

there is measured in kwh (kilowatt hour). We should convert one kwh to

kilograms of mass first, and go through the following steps.
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1. One kwh is 3.6 × 106 joules. Thus, according to m = E/c2, one

kwh = 4× 10−10 kg.

2. The average American household consumes 600 kwh of electric en-

ergy per month. Thus, 7200 kwh per year or 3× 10−6 kg.

3. There are about 100 million households in the United States. Thus

300 kg per year.

If we assume that the total yearly energy consumption by the entire

world (including other forms of energy) is about 100 times of the above

figure, it becomes 30 metric tons.

During World War II, Soviet-built T-34 tanks destroyed Hitler’s army

in the bitter battles of Kursk and Stalingrad. The mass of this tank is

about 30 tons when fully armed. American-built Sherman tanks played the

decisive role in the north African battles. Each Sherman tank weighs 33

tons. This gives an idea of energy in the scale of mass, thanks to Einstein.
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Einstein in the United States

Einstein made his first trip to the United States in 1921. When he arrived at

New York’s South Street Seaport (near Wall Street), Dean Henry Burchard

Fine of Princeton University went there to greet him. He gave a series of five

lectures at the University on his new theory of relativity. Scientists from

all over the United States packed the lecture hall to listen to his lectures.

In 1933, Einstein immigrated to the United States as a refugee, and

became a U.S. citizen in 1940. He died at the Princeton Hospital in 1955.

While in the United States, he was a great public figure strong enough to

persuade the President of the United States to develop the nuclear bomb.

In 1933, Einstein settled down in his house at 112 Mercer Street in

Princeton. His office was at the Institute for Advanced Study within walk-

ing distance from his house.

He became known to every American after World War II. Americans

thought that their first nuclear bomb was invented by Einstein. These

days, he is known for mc2 even to those who do not know the meaning of

m or c.

In Sec. 4.1, we shall talk about his life in the town of Princeton, New

Jersey. Section 4.2 shows photographs of visitors to his house not commonly

seen.

Washington, DC is the capital city of the United States, with statues

of great Americans. In Sec. 4.3, we shall tell where Einstein’s statue is.

The U.S. Naval Academy is in Annapolis, Maryland, 50 kilometers east of

Washington. Albert Michelson and Joseph Weber studied there. Michelson

conducted the Michelson-Morely experiment, and Weber is regarded as the

father of detection of Einstein’s gravitational wave.

The most controversial Einstein issue is his role in building the first

nuclear bomb. Yes, in 1939, he signed a letter to President Roosevelt

33
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giving his support for developing the bomb. In Sec. 4.4, we reprint the

letter Einstein signed as well as Roosevelt’s reply. We also discuss how

high-energy nuclear-particle physics was developed after World War II.

Another controversial issue was and still is Einstein’s refusal to accept

the Copenhagen interpretation of quantum mechanics. In 1954, Werner

Heisenberg visited Einstein to hear directly from him about the status of

physics at that time. Heisenberg then wrote about this meeting as a lecture

note. In Sec. 4.5, we give a review of this lecture note.

4.1 Einstein in Princeton

In the 1920s, Louis Bamberger and Caroline Bamberger Fuld operated a

department store in Newark, New Jersey. They invested their earnings in

the stock market, but they pulled out their investment in 1929 right before

the market crash. They then decided to do something good for the state

of New Jersey and in 1930, the Bambergers provided the founding gift of

five million dollars to establish an institute in Princeton. This institute,

known as the Institute for Advanced Study, was dedicated to the vision

of Abraham Flexner who was an education reformer. It is reasonable to

assume that Caroline was Bamberger’s daughter, and her husband’s last

name was Fuld. The Institute’s main building is called Fuld Hall.

It was Abraham Flexner, the first director of the Institute, who initiated

the idea of inviting Albert Einstein from Germany. Einstein thus came to

Princeton in 1933 where he lived and worked until his death in 1955.

The distance between his house on Mercer Street and his office at the

Institute is about two kilometers. Einstein used to walk to his office along

the route shown in Fig. 4.1.

Einstein did not talk to too many American physicists while in Prince-

ton. He interacted closely with the philosopher named Kurt Gödel who

joined the Institute for Advanced Study in 1940, after immigration from

Austria. His philosophy is beyond the scope of this book.

Einstein did not like the Copenhagen interpretation of quantum me-

chanics, even though this has been the accepted interpretation since 1927.

It is possible that Einstein was interested in giving his own interpretation

of quantum mechanics based on Gödel’s philosophy while making quantum

mechanics consistent with his theories of relativity. A photo of Einstein

with Gödel is shown in Fig.4.2. They had their offices at Fuld Hall of the

Institute shown in the same figure.

In 1949, Einstein became 70 years old. The American Physical Society
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Fig. 4.1 Einstein route in Princeton. Einstein walked along the route specified in this

map, to go to his office at the Institute for Advanced Study and to come back to his
home at 112 Mercer Street.

was nice enough to publish a special issue of the Reviews of Modern Physics

with articles contributed by the most distinguished physicists throughout

the world, with Einstein’s photograph taken in 1947. The list of authors in

this special issue as well as the photo of Einstein is shown in Fig.4.3.

This photo of Einstein was produced by Orren Jack Turner (1919-2008)

of Princeton. He was born in Princeton and died there. As a professional

photographer, he took photos of many Princeton events and persons.

There are many important papers in this issue of the Reviews of Mod-

ern Physics. Of particular importance is Dirac’s article entitled Forms of

Relativistic Dynamics. In this paper, Dirac discussed possible ways of mak-

ing quantum mechanics consistent with Einstein’s special relativity [Dirac

(1949)]. This paper is discussed in detail in [Kim and Noz (1986)].

4.2 Einstein’s House

While Einstein’s house in Princeton can be spotted easily, there are not

many photos of Einstein with his house in the background. Figure 4.4

shows Einstein talking with Irene Joliet-Curie on the front steps of his
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Fig. 4.2 Gödel and Einstein (left), and the Fuld Hall of the Institute for Advanced
Study in Princeton.(Gödel-Einstein photo from the AIP Emilio Segré Visual Archives,

and photo of the Institute for Adanced Study by Y. S. Kim (2008).

Fig. 4.3 Photo of Einstein and the list of authors in the special issue of the Reviews of
Modern Physics. The photo of Einstein was produced by O. J. Turner of Princeton in

1947, who donated his copyright to the U.S. Library of Congress. It is thus in the public

domain.

house. This photo is owned by Prof. John K. Webb, School of Physics,

University of New South Wales in Sydney, Australia. He found this photo

at an antique shop in Paris. He thinks this photo was produced in 1945.

Irene’s mother was of course Marie Sklodowska Curie. Irene continued

her mother’s research on radium and received in 1936 her Nobel Prize in
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Fig. 4.4 Einstein’s house in Princeton (photo by Y.S.Kim, 2002), and Einstein talking

with Irene Joliet-Curie on the front steps of his house. (photo from John K. Webb,
School of Physics, Univ. of New South Wales, Sydney, Australia)

chemistry.

Marie Curie was born in 1867, 12 years earlier than Einstein in 1879.

She received the Nobel Prizes in physics (1903) and in chemistry (1911).

She was thus the central figure at the first Solvay Conference held in 1911,

while Einstein was a first-year full professor at Charles University in Prague.

The photo of the 1911 Solvay Conference participants contains the images

of both Curie and Einstein, as shown in Fig. 4.5.

J. Robert Oppenheimer went to Einstein’s house. As the director of

the Institute for Advanced Study, he had to check whether everything was

OK there. In 1954, Werner Heisenberg visited his house, and his visit is

discussed in detail in Sec. 4.5.

The town of Princeton is known for the university carrying the same

name. Princeton University used to be an all-male school until 1969.

Largely unknown is that there was and still is a predominantly female

college in the same town, called Westminster Choir College. This college

had and still has an excellent choir.

Every year, in front of Einstein’s house, this choir used to sing in the

morning of Christmas Day before the sun rise. They wanted to tell Einstein

the Christ has come. Figure 4.6 shows ladies who were students of this

college during the 1940s. They sang for Einstein. According to them,

Einstein used to come out from his house to greet them.

The husbands of the two ladies in Fig. 4.6 are Richard Underwood (left)

and Bill Holden respectively. Richard’s grandfather was Horace Under-

wood who was the first Presbyterian missionary to Korea. He had an elder
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Fig. 4.5 Participants of the First Solvay Conference in 1911. Marie Sklodowska Curie

and Albert Einstein were among the participants. Seated (L-R): W. Nernst, M. Bril-

louin, E. Solvay, H. Lorentz, E. Warburg, J. Perrin, W. Wien, M. Curie, and H. Poincaré.
Standing (L-R): R. Goldschmidt, M. Planck, H. Rubens, A. Sommerfeld, F. Lindemann,

M. de Broglie, M. Knudsen, F. Hasenöhrl, G. Hostelet, E. Herzen, J.H. Jeans, E. Ruther-

ford, H. Kamerlingh Onnes, A. Einstein and P. Langevin. (photo from the public domain)

brother named John Underwood. John was one of the pioneers of the type-

writer industry in the United States. Underwood typewriters were once the

dominant desktop machines as personal computers are today. The other

gentleman was Bill Holden. He was a musician and was one of the band

members who played the National Anthem during Einstein’s naturalization

ceremony in 1940. They seem to have their own Einstein connections, and

interesting stories to tell.

According to an article published by Steven Schultz in the Princeton

Weekly Bulletin in 2004 [Schultz (2004)], Einstein met frequently a Prince-

ton librarian named Johanna Fantova. They met in 1930 while they both

were in Europe. Fantova was with Einstein whenever he had important

guests in his house. Figure 4.7 shows Einstein’s happy moment with Fan-

tova.

Einstein died at the Princeton Medical Center. After his death, the U.S.

Internal Revenue Service (tax-collecting agency) disclosed that Einstein

used to make mistakes in calculating his income taxes. However, the Service

was nice enough not to raise the issue.
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Fig. 4.6 Two ladies who were students at Westminster Choir College during Einstein’s

time in Princeton. The students of this college used to sing Christmas carols in front of
Einstein’s house in the dawn of the Christmas Day. [photos by Y.S.Kim (left 2003) and

(right 2004)]

Fig. 4.7 Einstein with Johanna Fantova, at Lake Carnage, Princeton. [photo from

Princeton weekly Bulletin (April 26, 2004), released to the public domain.] Princeton
students enjoying their boat ride at the same lake. [photo by Y.S.Kim (1983)]

4.3 Einstein in Washington

Einstein is widely respected all over the United States. He appeared very

often on the cover of Time magazine. According to this magazine, Marilyn

Monroe and Albert Einstein were the two most popular figures in the period

1950-1955.

The capital city of the United States is Washington, DC. It has many

statues of those who made America great: George Washington, Thomas Jef-

ferson, Abraham Lincoln, Andrew Jackson, Marquis de Lafayette, Ulysses

S. Grant, Casimir Pulaski, William Sherman, Tadeusz Kosciuszko, Alexan-
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der Hamilton, Franklin Roosevelt, Martin Luther King, among others.

There is a giant statue of Albert Einstein within walking distance from the

White House as shown in Fig. 4.8. He is holding a book entitled E = mc2.

This monument is at the front of the headquarters of the National Academy

of Sciences.

Fig. 4.8 Bronze statue of Albert Einstein and the White House in Washington, DC,
U.S.A. The Einstein statue is 2 kilometers west of the White House, and about one

kilometer east of the Lincoln Memorial. [photos by Y.S. Kim (2013)]

Many tourists come to see the statue of Einstein. To most of them who

do not know physics, Einstein used to be a scientific genius who invented

the nuclear bomb to finish World War II in 1945. These days, he is known

as an American genius who invented E = mc2, even though many do not

understand the meaning of the letters E, m, and c.

The U.S. Naval Academy is in the town of Annapolis, Maryland, not far

from the capital city of Washington. This college produced many talented

naval officers capable of operating nuclear powered submarines and air-

craft carriers. The Naval Academy is traditionally a high-tech engineering

college that produced two physicists whose names cannot be separated from

Einstein. They were Albert Michelson and Joseph Weber. They were in the

graduating classes of 1873 and 1940 respectively. They went to the Naval

Academy because their parents could not afford their college expenses.

Albert Abraham Michelson was born in Poland in 1852 and came to

the United States with his parents when he was two years old. When it

was time for college, he took the entrance examination at the U.S. Naval

Academy, and scored the top grade. Yet, he had difficulty in entering the

school, because of his Jewish background. He was admitted only after the

courageous decision made by President Ulysses S. Grant.
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Fig. 4.9 Albert Abraham Michelson in his navy uniform and Michelson Hall at the US
Naval Academy. Photo of Michelson from the public domain. Photo of Michelson Hall

by Y.S. Kim (2015).

Michelson developed precision devices to measure the velocity of light

and atomic spectral lines. His obsession with the speed of light is well

known. He also invented the atomic clock. He received the physics Nobel

Prize in 1907, and became the first American scientist to receive this honor.

There is a shiny building dedicated to his name at the Naval Academy in

Annapolis as shown in Fig. 4.9.

He learned about Einstein’s theory of relativity, but he was dead set

to find the absolute inertial frame, resulting in a series of negative results.

These negative results of course greatly enhanced Einstein’s theory of rel-

ativity.

Joseph Weber was born and raised in Patterson, New Jersey. He was

interested in electronics from his childhood. In 1935, he entered Cooper

Union college for his undergraduate education. Even though Cooper Union

has no tuition, his parents could not afford his room and board. Thus, he

decided to go the Naval Academy in 1936 and was admitted after passing

the entrance examination. Before making the final decision, the admission

officer visited his house in Patterson. Weber used to say that the offi-

cer came to check whether he was an African-American because his home

address was in a very poor area of New Jersey.

Weber was stationed at Pearl Harbor when Japanese planes attacked

on December 7, 1941, and he performed many dangerous missions during

World War II. In 1948, he joined the faculty of the University of Maryland

(College Park) at the department of electrical engineering, while working
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Fig. 4.10 Joseph Weber in his navy uniform (photo from the public domain), and his

gravitational wave antenna (photo from AIP Emilio Segré Visual Archives).

for his PhD degree at Catholic University in Washington, DC. He received

his degree in 1951. He later joined the physics faculty at the University of

Maryland.

While in the navy, Weber was interested in microwave devices. His

interest in this subject led to the idea of producing coherent light beams

from simultaneous atomic transitions, and he submitted a paper in 1951

for the 1952 Electron Tube Research Conference held in Ottawa. This pa-

per is known to be the earliest paper on the principles behind the laser

and the maser. Based on Weber’s idea, Charles Townes, then a Profes-

sor at Columbia University of the City of New York, and Nikolay Basov

and Aleksandr Prokhorov of the P.N. Lebedev Physical Institute, Moscow,

USSR produced maser and laser beams in their laboratories, and received

their Nobel Prizes in 1964. (Note that in 1967, Townes was appointed Uni-

veristy Professor at large by the University of California, based at Berkeley;

he spent the rest of his long life at Berkeley.) Weber was jointly nominated

for the prize, but he was left out. This is still a controversial issue.

During his sabbatical year 1955-56, Weber met John A. Wheeler of

Princeton. He then became interested in gravitational waves predicted by

Einstein’s general theory of relativity and started building gravitational

antennae at the University of Maryland. However, the technology available

at that time was not accurate enough for him to measure the gravitational

wave.
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In February of 2016, the announcement was made that the gravitational

wave was detected by the younger generation of physicists. Yet, it is agreed

that they could not have achieved this result without Weber’s determined

efforts. Weber is regarded as the father of gravitational waves.

4.4 Einstein and the First Nuclear Bomb

To men or women on the street, Einstein is known as the man who built the

first nuclear bomb dropped on the Japanese city of Hiroshima on August

6, 1945. This was not the case.

During World War II, Hitler’s Nazi Germany attempted to construct

bombs based on nuclear reactions. Afraid of Hitler’s bomb, a group of

Hungarian-born physicists, including Leo Szilard, Eugene Wigner, John von

Neumann, and Edward Teller, advanced the idea of building an American

bomb first. These Hungarian Americans studied in Germany before coming

to the United States, and they were quite familiar with the capability of

German scientists and engineers in dealing with nuclear technology.

However, in order to build the bomb based on nuclear reactions in the

United States, they needed a huge amount of support from the government.

They needed money, security, mobilization of scientific facilities and of all

capable American scientists and engineers. The only way to get this support

was to convince the president of the United States.

They thus decided to write a letter to President Roosevelt. The question

then was whether their letter could reach the president’s attention. The

only available channel was to get Einstein to sign it. The president had to

read Einstein’s letters.

The letter was written by Leo Szilard. Szilard then went to Einstein

with Eugene Wigner and Edward Teller and asked him to sign the letter.

The final version was in English, but they drafted the letter in German

first. They talked about the danger of a possible Hitler’s bomb. Einstein,

who was vacationing on Long Island, NY, signed the letter. Einstein later

said he signed only because he was afraid of what Hitler could do.

Einstein signed the the following letter to Roosevelt.

Einstein’s letter to Roosevelt

Albert Einstein

Old Grove Rd.

Nassau Point

Peconic, Long Island
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August 2nd, 1939

F. D. Roosevelt,

President of the United States,

White House

Washington, D.C.

Sir:

Some recent work by E. Fermi and L. Szilard, which has been

communicated to me in manuscript, leads me to expect that the element

uranium may be turned into a new and important source of energy in the

immediate future. Certain aspects of the situation which has arisen seem

to call for watchfulness and, if necessary, quick action on the part of the

Administration. I believe therefore that it is my duty to bring to your

attention the following facts and recommendations:

In the course of the last four months it has been made probable - through

the work of Joliot in France as well as Fermi and Szilard in America - that

it may become possible to set up a nuclear chain reaction in a large mass

of uranium, by which vast amounts of power and large quantities of new

radium-like elements would be generated. Now it appears almost certain

that this could be achieved in the immediate future.

This new phenomenon would also lead to the construction of bombs, and

it is conceivable - but much less certain - that extremely powerful bombs

of a new type may thus be constructed. A single bomb of this type,

carried by boat and exploded in a port, might very well destroy the whole

port together with some of the surrounding territory. However, such

bombs might very well prove to be too heavy for transportation by air.

The United States has only very poor ores of uranium in moderate

quantities. There are some good ores in Canada and the former

Czechoslovakia, while the most important source of uranium is Belgian

Congo.

In view of the situation you may think it desirable to have some

permanent contact maintained between the administration and the group

of physicists working on chain reactions in America. One possible way of

achieving this might be for you to entrust with this task a person who has

your confidence and who could perhaps serve in an unofficial capacity. His

task might comprise the following:
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a. to approach Government Departments, keep them informed of the

further development, and put forward recommendations for

government action, giving particular attention to the problem of

securing a supply of uranium ore for the United States;

b. to speed up the experimental work, which is at present being

carried on within the limits of the budgets of University

laboratories, by providing funds, if such funds be required,

through his contacts with private persons who are willing to make

contributions for this cause, and perhaps also by obtaining the

cooperation of industrial laboratories which have the necessary

equipment.

I understand that Germany has actually stopped the sale of uranium from

the Czechoslovakian mines which she has taken over. That she should

have taken such early action might perhaps be understood on the ground

that the son of the German UnderSecretary of state, von Weiszäcker, is

attached to the Kaiser-Wilhelm-Institut in Berlin where some of the

American work on uranium is now being repeated.

Yours very truly,

Albert Einstein

Roosevelt’s reply to Einstein

THE WHITE HOUSE

Washington

October19, 1939

My dear Professor:

I want to thank you for your recent letter and the most interesting and

important enclosure.

I found this data of such import that I have convened a Board consisting

of the head of Bureau of Standards and a chosen representative of the

Army and Navy to thoroughly investigate the possibilities of your

suggestion regarding the element of uranium.

I am glad to say that Dr. Sachs will cooperate and work with this
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Committee and I feel this is the most practical and effective method of

dealing with this subject.

Please accept my sincere thanks.

Very sincerely yours,

(signed) Franklin D. Roosevelt

Dr. Albert Einstein,

Old Grove Road,

Nassau Point,

Peconic, Long Island,

New York.

Roosevelt’s reply marks the beginning of the massive secret government

program to build nuclear bombs, known as the Manhattan project. This

project required the mobilization and organization of all nuclear physicists

in the United States and Western Europe. Niels Bohr came to one of

the bomb-making centers in New Mexico, now called Los Alamos National

Laboratory. He was called Nicholas Baker. Richard Feynman and Roy

Glauber were young men then.

The question is what happened after the war. In 1946, the U.S. gov-

ernment decided to convert this scientific establishment to peaceful use of

nuclear energy, and created an agency called the Atomic Energy Commis-

sion, as shown in Fig. 4.11. The first project in this peaceful program

was to build particle accelerators which can produce protons moving with

relativistic speed. Again the Einstein issue.

The Atomic Energy Commission initially built four synchrocyclotrons

producing protons with the kinetic energy of 450 MeV or with the speed

of 0.75c. One of them was at the Nuclear Research Center of Carnegie

Institute of Technology (now called Carnegie Mellon University). This lab-

oratory was located at Saxonburg, Pennsylvania about 50 kilometers north

of the main campus. One of the authors of this book (YSK) worked at this

laboratory during the summer of 1957. He was an undergraduate student
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Fig. 4.11 Harry Truman signing the bill (1946) creating the Atomic Energy Commission
for peaceful use of nuclear energy, and one of the first four post-war synchrocyclotrons

built for Carnegie Institute of Technology in Pittsburgh, Pennsylvania. (photos from the
public domain)

then.

After the first wave of cyclotrons, the U.S. government kept building

more powerful and expensive particle accelerators, creating the golden era

of high-energy physics. This led to Murray Gell-Mann’s quark model [Gell-

Mann (1964)] for the proton at rest and Feynman’s parton picture [Feynman

(1969a,b)]. The question is whether these two different views are consistent

with Einstein’s special relativity. This is one of the major issues we would

like to address in this book.

After building so many accelerators in the United States, the U.S. gov-

ernment decided not to fund new accelerators. Now the largest accelerator

is at the Large Hadron Collider Center near Geneva, Switzerland supported

by participating countries. Needless to say, all these expensive scientific ac-

tivities started from Einstein’s E = mc2 of 1905.

4.5 Heisenberg on Einstein

This section is a review of Heisenberg’s essay entitled Encounters and Con-

versations with Albert Einstein. This essay is based on Heisenberg’s lecture

delivered at the Einsteinhaus in Ulm (Germany) on June 27, 1974 (see

Fig. 4.12). This lecture note was translated into English and was included

in a book published by Princeton University Press [Heisenberg (1989)]. This

book consists of nine essays Heisenberg wrote on people, places, and parti-

cles. The book was copyrighted by Werner Heisenberg in 1983, presumably

by the Heisenberg estate. Its English version was published by Seabury

Press (San Francisco) in 1983 as Tradition in Science, and was reprinted
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by Princeton University Press in the Princeton Science Library Edition by

arrangement with Harper and Row in 1989.

Fig. 4.12 Einstein Monument at his birthplace and an Einstein artwork in front of the
museum called Einsteinhaus in Ulm, Germany. [photos by Y.S.Kim (2004)]

Werner Heisenberg was born in 1901 and died in 1976. He was four

years old when Einstein formulated special relativity in 1905. Ten years

later, when he was in high school, Heisenberg became interested in Ein-

stein’s theory and started his physics career out of his respect for Einstein.

However, these two great physicists did not like each other. What went

wrong? The basic point is well known. Einstein never accepted Heisen-

berg’s uncertainty principle as a fundamental physical law.

Let us see how Heisenberg became a physicist.

• Heisenberg liked mathematics and became interested in special rel-

ativity when he was very young. The mathematics of Lorentz

transformations was easy for him to understand, but the physical

concept of simultaneity was very difficult for him to grasp. This

probably was the communication gap he had with Einstein. When

he was in college in Munich, he learned about Einstein and his

theories from Arnold Sommerfeld who was a great teacher to him.

Sommerfeld also recognized Heisenberg’s potential and encouraged

him to meet Einstein personally. The first step toward this process

was to attend Einstein’s lectures.

• In addition, Heisenberg became quite interested in atomic physics
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which was Sommerfeld’s main subject. He was interested in the

question of why classical theories fail to explain atomic phenom-

ena, and how the concept of light quanta, formulated by Einstein,

could explain those anomalies. As is well known, Heisenberg’s con-

centrated effort to resolve those puzzles led him to formulate his

uncertainty principle in 1927. In the above-mentioned book, which

contains Heisenberg’s article about Einstein, he has chapters en-

titled Development of Concepts in the History of Quantum Me-

chanics, and The Beginnings of Quantum Mechanics in Göttingen.

Quite understandably, they constitute the first and second chapters

of his book.

In the summer of 1922, the Society of German Scientists and Physicists

had a meeting in Leipzig, and Einstein was scheduled to give a lecture.

Sommerfeld encouraged Heisenberg to attend Einstein’s talk. When he

went there, a young man gave him a red leaflet saying that the theory of

relativity is a totally unproved Jewish speculation, and that it had been

undeservedly amplified through Jewish newspapers on behalf of Einstein,

a fellow-member of their race. Heisenberg noted there that those leaflets

were being handed out by the students of Germany’s most respected ex-

perimental physicist at that time. Heisenberg did not mention his name,

but it is not difficult to know who that most respected experimentalist was.

Instead of Einstein, von Laue gave his lecture. Heisenberg’s first attempt

to meet Einstein failed in this way.

In early 1926, Heisenberg was invited to give a colloquium on his quan-

tum mechanics by the physicists in Berlin. At that time, Berlin was the

citadel of physics. The audience included Planck, von Laue, Nernst, and

Einstein. Einstein was quite interested in Heisenberg’s talk, and invited

Heisenberg to come to his house. This was his first meeting with Einstein.

However, Einstein was not happy with Heisenberg’s interpretation of his

new mechanics. Einstein’s position was that every theory in fact contains

unobservable quantities. The principle of employing only observable quan-

tities simply cannot be consistently carried out.

In the spring of 1927, Heisenberg succeeded in formulating his uncer-

tainty relation, emboldened by the wave mechanics formulated by Erwin

Schrödinger in 1926 where electrons are regarded as waves. In the autumn

of 1927, Heisenberg met Einstein again at the Solvay Conference in Brus-

sels. Both Einstein and Heisenberg are in the photo shown in Fig. 3.4.

There, Einstein came up with one counter-example to the uncertainty re-
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lation each morning, but, by dinner time, Heisenberg together with Bohr

and Pauli were able to prove that Einstein’s example was consistent with

the uncertainty principle.

Three years later in 1930, Heisenberg met Einstein again at another

Solvay Conference in Brussels. There, Bohr did his best to convince Ein-

stein that the uncertainty relation is a fundamental law in physics. Einstein

still refused, and they agreed to disagree. It was Heisenberg’s last time to

see Einstein in Europe. By 1933, the political environment became much

worse in Germany, and Einstein moved to the United States. He lived and

worked in Princeton where he had given his earlier lectures in 1921.

In 1954, Heisenberg visited Einstein’s house in Princeton. Heisenberg

was warned by Einstein’s assistant not to stay with him more than one hour

because of his poor health. Yet, Heisenberg recollects that Einstein was kind

enough to spend almost the entire afternoon with him. They talked only

about physics, but Einstein’s position on the uncertainty relation remained

unchanged. Again, Heisenberg failed to get Einstein’s endorsement of his

principle as a fundamental physical law. Einstein died in 1955, and Heisen-

berg died in 1976. According to Johanna Fantova, who was Einstein’s close

friend in Princeton, Einstein was not happy with Heisenberg when they

met in 1954 [Schultz (2004)] .

Needless to say, Heisenberg visited Einstein in order to make him happy.

Thus, before going to Princeton in 1954, Heisenberg could have done the

following homework.

1. He could have studied the paper published in 1935 by Einstein,

Podolsky, and Rosen which is widely known as the EPR paper

these days [Einstein et al. (1935)].

2. Heisenberg pointed out that Einstein once declared himself as a

pacifist. He then said, in view of his support for the development of

nuclear weapons in the United States, Einstein was not an absolute

pacifist, but a pacifist with some adjective. Here, Heisenberg forgot

to mention whether Hitler’s Nazi set-up was an absolute evil or an

evil with a different adjective.

3. In his article, Heisenberg says the concept of Einstein’s simultane-

ity was very difficult to digest. That is right, the simultaneity

(or simultaneous measurements) plays a pivotal role in interpret-

ing the uncertainty relation. Yet, Heisenberg’s interpretation of

his uncertainty principle does not take into account the Lorentz
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covariance dictated by special relativity. If Heisenberg had studied

this covariance question in interpreting his uncertainty principle,

he could have drawn more interest from Einstein.

4. Paul A. M. Dirac had written many papers on the issue of making

the uncertainty relation consistent with special relativity. Heisen-

berg could have talked with Dirac on this issue before making his

trip to Princeton.

The EPR problem has been one of the fundamental questions discussed

by many physicists even these days. However, Einstein could have been

happier if Heisenberg had considered Einstein’s Lorentz covariance when

he formulated his uncertainty principle. This is the major issue we would

like to address in this book. Einstein formulated his quantum concept while

studying the Lorentz-covariant energy-momentum relation or E = mc2 for

massive and massless particles. Thanks to this relation, the photon is a

massless particle.
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Chapter 5

Introduction to the Lorentz Group

We are quite familiar with rotations and the representations of the rotation

group. We are also familiar with the Lorentz boost in one direction. If

these two operations are combined, the result is the Lorentz group. Both

the rotation and Lorentz groups are continuous groups, which are called

Lie groups. For these groups, it is convenient to use their generators. For

the three-dimensional rotation group, there are three generators, and they

form a closed set of commutation relations. This closed set is called the Lie

algebra.

If we augment the rotation group with the Lorentz boost, the result

is the Lorentz group. In Sec. 5.1, we introduce the group of four-by-four

matrices applicable to the four-dimensional Minkowskian space consisting

of three space dimensions and one time dimension. There are six generators

for this group and its Lie algebra consists of a closed set of commutation

relations among those generators.

In Sec. 5.2, it is shown that the group SL(2, c), the group of two-by-two

unimodular matrices shares the same algebra as the Lorentz group. It is

thus easier to study the Lorentz group using these two-by-two matrices.

In Sec. 5.3, the four-component space-time and momentum-energy four-

vectors can be written in the form of two-by-two matrices. In Sec. 5.4,

we study the subgroups of SL(2, c), thus those of the Lorentz group. In

Sec. 5.5, we study the transformation properties of SL(2, c) matrices and

of those for four-vectors.

The SL(2, c) matrices have six independent parameters. Its subgroup

consisting only of real numbers has three independent parameters. In

Sec. 5.6, it is noted that this real matrix can be written as one boost

matrix sandwiched between two rotation matrices. It is shown then that

this becomes a triangular matrix which cannot be diagonalized.

53
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5.1 Lie Algebra of the Lorentz Group

Let us start with the three dimensional space with x, y, and z coordinates.

We can rotate this coordinate system around the z axis by writingcosφ − sinφ 0

sinφ cosφ 0

0 0 1

xy
z

 =

(cosφ)x− (sinφ)y

(sinφ)x+ (cosφ)y

z

 . (5.1)

Thus, x and y become (cosφ)x−(sinφ)y and (sinφ)x+(cosφ)y respectively,

while z remains unchanged. The matrix in this expression can be written

as

exp [−iφL3] =
∑
n

(−iφL3)
n

n!
(5.2)

with

L3 =

0 −i 0

i 0 0

0 0 0

 . (5.3)

This matrix is called the generator of rotations around the z axis. Likewise,

we can consider rotations around the x axis and also around the y axis.

Their generators are

L1 =

0 0 0

0 0 −i
0 i 0

 , and L2 =

 0 0 i

0 0 0

−i 0 0

 , (5.4)

respectively.

These generators satisfy the commutation relations

[L1, L2] = iL3, [L2, L3] = iL1, [L3, L1] = iL2. (5.5)

These commutation relations can be written as

[Li, Lj ] = iεijkLk. (5.6)

This closed set of commutation relations is called the Lie algebra of the

rotation group or of the three-dimensional rotation group.

There are other forms of operators that satisfy the same Lie algebra.

The three operators

Li = −i
(
xj

∂

xk
− xk

∂

xj

)
(5.7)

satisfy the Lie algebra given in Eq. (5.5) or Eq. (5.6). These operators are

applicable to functions of the coordinate variables x, y, and z.
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As for the Lorentz boost, let us go back to Eq. (2.6. The transformation

given can be written as
1 0 0 0

0 1 0 0

0 0 cosh η sinh η

0 0 sinh η cosh η



x

y

z

t

 . (5.8)

We shall hereafter use the convention c = 1. The four-dimensional space of

(x, y, x, t) is called the Minkowskian space. The generator for the Lorentz

boost along the z direction is

K3 =


0 0 0 0

0 0 0 0

0 0 0 i

0 0 i 0

 (5.9)

Likewise, we can consider boosts along the x and y directions, and their

generators are

K1 =


0 0 0 i

0 0 0 0

0 0 0 0

i 0 0 0

 , and K2 =


0 0 0 0

0 0 0 i

0 0 0 0

0 i 0 0

 . (5.10)

respectively. The generators applicable to the function defined over the

Minkowskian space are thus

Ki = −i
(
xi
∂

∂t
+ t

∂

∂xi

)
. (5.11)

In this Minkowskian space, the rotation matrix of Eq. (5.1) is expanded

to the four-by-four matrix
cosφ − sinφ 0 0

sinφ cosφ 0 0

0 0 1 0

0 0 0 1



x

y

z

t

 =


(cosφ)x− (sinφ)y

(sinφ)x+ (cosφ)y

z

t

 , (5.12)

and with its generator of Eq. (5.3) becomes the four-by-four matrix

J3 =


0 −i 0 0

i 0 0 0

0 0 0 0

0 0 0 0

 . (5.13)



February 13, 2018 16:40 ws-book9x6 New Perspectives on Einstein’s E = mc2 wsbook page 56

56 New Perspectives on Einstein’s E = mc2

Likewise, the three-by-three matrices of L1 and L2 become expanded to

J1 =


0 0 0 0

0 0 −i 0

0 i 0 0

0 0 0 0

 , and J2 =


0 0 i 0

0 0 0 0

−i 0 0 0

0 0 0 0

 , (5.14)

respectively. These four-by-four matrices satisfy the same Lie algebra given

for the three-by-three matrices in Eq. (5.6):

[Ji, Jj ] = iεijkJk. (5.15)

Let us go back to the boost generators of Eq. (5.9) and Eq. (5.10), and

take commutation relations. Then

[Ki,Kj ] = −iεijkJk. (5.16)

Thus, those three boost generators cannot form a closed set of commutation

relations. They need the rotation generators. If we take commutation

relations between the J and K matrices,

[Ji,Kj ] = iεijkKk. (5.17)

The four-by-four J and K matrices are called the generators of the

Lorentz group. They form the following closed set of commutation relations.

[Ji, Jj ] = iεijkJk, [Ji,Kj ] = iεijkKk, [Ki,Kj ] = −iεijkJk. (5.18)

This set of commutation relations is called the Lie algebra of the Lorentz

group.

5.2 Two-by-two Representation of the Lorentz Group

Let us consider the two-by-two matrices

J1 =
1

2
σ1, J2 =

1

2
σ2 J3 =

1

2
σ3, (5.19)

where

σ1 =

(
0 1

1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0

0 −1

)
. (5.20)

These two-by-two matrices are called the Pauli spin matrices. They are

Hermitian and their role in physics is well known.

In addition, let us consider the following three anti-Hermitian matrices.

K1 =
i

2
σ1, K2 =

i

2
σ2, K3 =

i

2
σ3. (5.21)
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Then, these matrices satisfy the Lie algebra of the Lorentz group given

in Eq. (5.18). They generate a group of two-by-two unimodular matrices.

The determinant of every unimodular matrix is one. This group is known

as SL(2, c) or the special linear group with complex elements. Possible

physical applications of this group are extensively discussed in the litera-

ture [Dirac (1945a); Bargmann (1947); Naimark (1954); Wigner (1960a,b);

Kim and Noz (1986); Başkal et al. (2014, 2015)]

Let us write the most general form for this matrix as(
α β

γ δ

)
, (5.22)

where all the elements are complex numbers. There are thus eight real

numbers. Since the determinant of this matrix is to be one, there are only

six independent numbers. Another way of expressing this matrix with six

independent numbers is to write it in the form

exp

{
−i
∑
i

(θiJi + λiKi)

}
(5.23)

with the six real parameters of θi and λi. The Taylor expansion of this

exponential form will result in a two-by-two matrix like that of Eq. (5.22).

This SL(2, c) matrix is the smallest matrix containing as many as six

degrees of freedom. For this reason, it occupies an important place in

mathematics with applications in many branches of physics. For instance,

two-by-two matrices play the central role in optical sciences [Başkal et al.

(2015)].

Let us go back to the Lorentz group. It is remarkable that this two-

by-two representation shares the same Lie algebra with the four-by-four

representation for the Lorentz group. If two groups share the same Lie

algebra, they are locally isomorphic to each other in the language of group

theory. However, we shall use a more convenient language. We shall simply

say one is like the other.

Indeed, the Lorentz group is like the group SL(2, c). For this reason,

it is said that SL(2, c) is the covering group of the Lorentz group. In this

book, we shall simply say that SL(2, c) is the two-by-two representation of

the Lorentz group.

For each two-by-two matrix, there is a corresponding four-by-four ma-

trix, and it is possible to write the most general form of the four-by-four

matrix in terms of the complex parameters α, β, γ and δ [Kim and Noz

(1986)]. However, for the purpose of this book, it is not necessary to give

this complicated expression. We thus list only the special cases that are

useful for the purpose of this book. They are given in Table 5.1.
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5.3 Four-vectors in the Two-by-two Representation

In the three-dimensional Euclidean space, the coordinate variables x, y, and

z define one vector. Likewise, in the four-dimensional Minkowskian space,

the coordinate variables x, y, z, and t constitute one set of four numbers.

It is thus appropriate to define the vector in this four-dimensional space

and call it the four-vector. It is more convenient to re-order the coordinate

Table 5.1 Generators and transformation matrices of SL(2, c), and their corresponding
four-by-four transformation matrices in the Lorentz group. The four-by-four matrices are

applicable to the Minkowskian space of x, y, z, t.

Generators Two-by-two Four-by-four

J1 = 1
2

(
0 1

1 0

) (
cos(θ/2) i sin(θ/2)

i sin(θ/2) cos(θ/2)

) 
1 0 0 0
0 cos θ − sin θ 0

0 sin θ cos θ 0

0 0 0 1



K1 = 1
2

(
0 i

i 0

) (
cosh(λ/2) sinh(λ/2)

sinh(λ/2) cosh(λ/2)

) 
coshλ 0 0 sinhλ

0 1 0 0

0 0 1 0
sinhλ 0 0 coshλ



J2 = 1
2

(
0 −i
i 0

) (
cos(θ/2 − sin(θ/2)

sin(θ/2) cos(θ/2)

) 
cos θ 0 sin θ 0

0 1 0 0

− sin θ 0 cos θ 0
0 0 0 1



K2 = i
2

(
0 1
−1 0

) (
cosh(λ/2) −i sinh(λ/2)
i sinh(λ/2) cosh(λ/2)

) 
1 0 0 0

0 coshλ 0 sinhλ
0 0 1 0

0 sinhλ 0 coshλ



J3 = 1
2

(
1 0

0 −1

) (
exp (iφ/2) 0

0 exp (−iφ/2)

) 
cosφ − sinφ 0 0
sinφ cosφ 0 0

0 0 1 0

0 0 0 1



K3 = 1
2

(
i 0

0 −i

) (
exp (η/2) 0

0 exp (−η/2)

) 
1 0 0 0
0 1 0 0

0 0 cosh η sinh η
0 0 sinh η cosh η
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variables as (t, x, y, z) and the energy-momentum four-vector (p0, px, py, pz),

with p0 = E.

In the four-by-four Minkowskian space of (t, x, y, z), we know how to

apply four-by-four matrices to perform transformations. For Lorentz trans-

formations, the quantity

t2 − x2 − y2 − z2 (5.24)

remains constant. Likewise, the energy-momentum four-vector

p20 − p2x − p2y − p2z (5.25)

is invariant under Lorentz transformations.

In physics, the dot product p ·x is an important Lorentz-invariant quan-

tity, where

p · x = p0t− pxx− pyy − pzz. (5.26)

This is a scalar product of two four-vectors.

The question is how to write these four-vectors in the two-by-two formal-

ism. Yes, those two-by-two matrices that are applicable to two-component

column vectors are called spinors. The question is how to construct the

four-vectors from the two-component SL(2, c) spinors. These questions

were addressed in the literature on the Lorentz group [Kim and Noz (1986)].

We can skip those mathematical details and start with the Hermitian

matrix

[X] =

(
t+ z x− iy
x+ iy t− z

)
. (5.27)

The determinant of this matrix is the Lorentz-invariant quantity given in

Eq. (5.24). The energy-momentum four-vector can thus be written as

[P ] =

(
p0 + pz px − ipy
px + ipy p0 − pz

)
. (5.28)

The determinant of this matrix leads to the invariant quantity of Eq. (5.25).

Let us write the matrix

[P +X] =

(
p0 + pz + t+ z px − ipy + x− iy
px + ipy + x+ iy p0 − pz + t− z

)
. (5.29)

The determinant of this expression gives [Wigner (1960b); Başkal et al.

(2015)]

p · x =
1

2
(det[P +X]− det[P ]− det[X]) . (5.30)
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Let us go to Table 5.1, and pick the two-by-two boost matrix along the

z direction, and name it as B(η):

B(η) =

(
eη/2 0

0 e−η/2

)
. (5.31)

If we take the matrix product B(η)XB†(η), the result is

B(η)[X]B†(η) =

(
(t+ z)eη x− iy
x+ iy (t− z)e−η

)
(5.32)

resulting in the transformation

t→ (cosh η)t+ (sinh η)z, and z → (sinh η)t+ (cosh η)z

This is clearly a Lorentz boost along the z direction.

Again from Table 5.1, we pick the rotation matrix around the z axis

and write it as

Z(φ) =

(
e−iφ/2 0

0 eiφ/2

)
. (5.33)

Then

Z(φ)[X]Z†(φ) =

(
t+ z (x− iy)e−iφ

(x+ iy)eiφ t− z

)
(5.34)

resulting in the rotation around the z axis:

x→ (cosφ)x− (sinφ)y, and y → (sinφ)x+ (cosφ)y.

Finally, let us consider a rotation around the axis perpendicular to the

z axis, and pick the rotation around the y axis. The rotation matrix takes

the form

R(θ) =

(
cos(θ/2) − sin(θ/2)

sin(θ/2) cos(θ/2)

)
. (5.35)

If we apply this matrix to the four-vector X in the same manner as in the

cases of B(η) of Z(φ), the result is

R(θ)[X]R†(θ) =

(
t+ z′ x′ − iy
x′ + iy t− z′

)
, (5.36)

with (
z′

x′

)
=

(
cos θ − sin θ

sin θ cos θ

)(
z

x

)
.

The Lie algebra of the three-dimensional rotation group given in Eq. (5.5)

tells us that the rotations around two orthogonal directions can lead to a

rotation around the third axis. The Lie algebra of Eq. (5.18) tells us the

Lorentz boost along one direction can be applied to all directions. Thus, the

three transformations given in Eqs.(5.32,5.34,5.36) define the most general

transformations in the four-dimensional Minkowskian space.
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5.4 Subgroups of the Lorentz group

There are nine commutations relations in Eq. (5.18). These commutation

relations are invariant under Hermitian conjugation. Among the six gener-

ators, the rotation generators Ji remain invariant under Hermitian conju-

gation, while the boost generators Ki are anti-Hermitian with K∗i = −Ki.

This means that, for every Lie algebra of Eq. (5.18), there is another Lie

algebra where Ki is replaced by

K̇i = −Ki (5.37)

Thus, to every Lie algebra of the Lorentz group, there corresponds its dotted

algebra leading to the dotted representation. These two groups are therefore

subgroups to each other.

In this section, we are interested in subsets of those nine commutation

relations which can be grouped into a closed set. The rotation generators

Ji satisfy the closed set of three commutation relations. Therefore, the

rotation group is a subgroup of the Lorentz group. These generators are

Hermitian while the boost generators are not. Thus, the rotation subgroup

is the Hermitian subgroup of the Lorentz group.

Let us now restrict our attention to the two-by-two representation.

Among the six generators, K1,K3, and J2 are pure imaginary. They thus

give matrices with real elements. Furthermore, they satisfy the following

set of commutation relations.

[K1,K3] = iJ2, [J2,K3] = iK1, [J2,K1] = −iJ1, (5.38)

This subgroup is like the Lorentz group consisting of the rotation around

the y and boosts along the x and z directions. This group serves many

useful purposes in physics. It is known as the two-dimensional symplectic

group or Sp(2) in the literature [Guillemin and Sternberg (2001)].

We can also consider the following combinations of the generators.

J3, N1 = K1 − J2. N2 = K2 + J1, (5.39)

with their explicit expressions:

J3 =
1

2

(
1 0

0 −1

)
, N1 =

(
0 i

0 0

)
, N2 =

(
0 1

0 0

)
. (5.40)

These generators satisfy the following closed set of commutation relations.

[N1, N2] = 0, [J3, N1] = iN2, [J3, N2] = −iN1. (5.41)

Unlike the rotation subgroup and the subgroup generated by Eq. (5.38), it

is difficult to construct a geometry corresponding to this Lie algebra.
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However, Wigner considered two-dimensional Euclidean transforma-

tions consisting of one rotation and translations along the two orthogonal

directions [Wigner (1939)]. In the two-dimensional space of x and y, the

rotation generator is

J3 = −i
(
x
∂

∂y
− y ∂

∂x

)
, (5.42)

and the translation generators are

P1 = −i ∂
∂x
, and P2 = −i ∂

∂y
. (5.43)

Then

[P1, P2] = 0, [J3, P1] = iP2, [J3, P2] = −iP1. (5.44)

This set of commutation relations is the same as the set given in Eq. (5.41).

Thus the subgroup generated by the Lie algebra of Eq. (5.41) is like (locally

isomorphic to) the two-dimensional Euclidean group [Wigner (1939)].

5.5 Transformation Properties in the Two-by-two Repre-

sentation

In the four-by-four representation, transformations are straight-forward:

apply four-by-four matrices to the four-component vector. On the other

hand, in the two-by-two representation, the four-vector is written in terms

of a two-by-two matrix. The momentum-energy four-vector is written in

the form given in Eq. (5.28).

If the particle is at rest, the momentum-energy four-vector becomes

[P ] =

(
m 0

0 m

)
. (5.45)

Let us rotate this four-vector around the z and y directions. Since these

rotation matrices are Hermitian

Z(φ)[P ]Z†(φ) = R(θ)[P ]R†(θ) = P, (5.46)

where the two-by-two matrices for Z(φ) and R(θ) are given in Eq. (5.34)

and Eq. (5.36) respectively. This expression can also be written as

Z(φ)[P ]Z−1(φ) = R(θ)[P ]R−1(θ) = [P ], (5.47)

because the rotation matrices are Hermitian.
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On the other hand, for the boost matrix of Eq. (5.31), its Hermitian

conjugate is not its inverse. It remains invariant. Thus,

B(η)[P ]B† =

(
eη/2 0

0 e−η/2

)(
m 0

0 m

)(
eη/2 0

0 e−η/2

)
=

(
meη 0

0 me−η

)
,

(5.48)

while B(η)[P ]B−1 = [P ] is(
eη/2 0

0 e−η/2

)(
m 0

0 m

)(
e−η/2 0

0 eη/2

)
=

(
m 0

0 m

)
. (5.49)

This difference comes from the fact that not all the matrices of SL(2, c)

are Hermitian.

5.6 Decompositions of the SL(2, c) matrices

Among the subgroups of SL(2, c), the rotation subgroup is used most often

in physics. It is still largely unknown that the subgroup consisting of real

matrices plays important roles in many branches of physics, particularly in

particle physics and optical sciences [Başkal et al. (2015)]. The matrix in

this subgroup has three degrees of freedom, and thus can be decomposed

into(
cos (θ1/2) − sin (θ1/2)

sin (θ1/2) cos (θ1/2)

)(
coshλ sinhλ

sinhλ coshλ

)(
cos (θ2/2) − sin (θ2/2)

sin (θ2/2) cos (θ2/2)

)
(5.50)

In this expression, a Lorentz boost along the x direction is sandwiched be-

tween two matrices for rotation around the y direction. This decomposition

is called the Bargmann decomposition [Bargmann (1947)].

This form leads to interesting and useful results when θ1 = θ2 = θ.

Then the matrix multiplication leads to(
(cos θ) coshλ sinhλ− (sin θ) coshλ

sinhλ+ (sin θ) coshλ (cos θ) coshλ

)
. (5.51)

When tanhλ = sin θ, this matrix becomes(
1 0

2 sinhλ 1

)
. (5.52)

This form is called the Iwasawa decomposition [Iwasawa (1949)]. This

triangular matrix cannot be diagonalized, but can explain a very important

aspect of physics as we shall see in the Chapter 6 and Chapter 7.
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Chapter 6

Wigner’s Little Groups

In 1963, Eugene Paul Wigner was awarded the Nobel Prize in Physics

A photo of the Nobel ceremony is shown in Fig. 6.1. The prize was for

his contributions to the theory of the atomic nucleus and the elementary

particles, particularly through the discovery and application of fundamental

symmetry principles.

There are no disputes about this statement. On the other hand, there

still is a question of why the statement did not mention Wigner’s 1939 paper

on the Lorentz group [Wigner (1939)], which was regarded by Wigner and

many others as his most important contribution in physics. The reason was

very simple. To most of the physicists at that time, including his depart-

mental colleagues at Princeton, this paper appeared to be a mathematical

exposition having nothing to do with physics. Yet, there were a number

of physicists who attempted to connect the paper with the physical world.

Steven Weinberg was one of them, and published, after 1963, a series of

papers in the Physical Review [Weinberg (1964a,b,c)]. In Fig. 6.1, he is

talking to Wigner at a meeting of Princeton graduate students in 1957.

One of the authors (YSK) of this book started studying this paper in

1960 while he was a graduate student at Princeton. While he continued his

interest in this paper, he was advised by his colleagues not to waste time.

After all, Wigner did not get the Nobel Prize for this paper, and thus it

is worthless. This advice was given by some of the distinguished physicists

who were associated with Wigner.

Those distinguished physicists had some specific reasons. They noted

that Wigner introduced the subgroups of the Lorentz group whose trans-

formations do not change the momentum of a given particle - the mo-

mentum remains invariant. Those subgroups are known as Wigner’s little

groups [Wigner (1939)]. First, they contended that Wigner’s little groups

65
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Fig. 6.1 Eugene Paul Wigner and King of Sweden at the 1963 Nobel Ceremony, and
Steven Weinberg talking to Wigner while he was a graduate student at Princeton in

1957.

cannot explain the Dirac equation for spin-1/2 particles. Second, the little

groups cannot explain the Maxwell four-vector and four-tensor for electro-

magnetic waves.

As for the Dirac equation, they were too lazy to study the problem.

As for the Maxwell case, the problem was not completely settled until

1990 when Wigner published a paper with one of the present authors [Kim

and Wigner (1990b)], even though Weinberg in 1964 constructed gauge-

invariant four-tensors for the electromagnetic field starting from Wigner’s

1939 paper [Weinberg (1964c)].

We examine in this chapter the nature of the gaps that existed between

Wigner’s little groups and the physics world. After closing those gaps, we

are able to position Wigner at the proper place in the map of physicists, as

illustrated in Fig. 6.2.

In 1979, the physics world celebrated the Einstein centenial year. He was

born in 1879. Many people wrote articles and produced art works. Among

them was a portrait of Wigner and Einstein produced in 1978, as shown

in Fig. 6.3. This portrait becomes meaningful to us after understanding

the full content of Wigner’s little groups which allow us to interpret the

internal space-time symmetries of particles in Einstein’s Lorentz-covariant

world.

6.1 Introduction

The purpose of the present chapter is to discuss whether Wigner’s 1939

paper on the Lorentz group provides the framework to address the internal
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Newton’s Gravity

Newton’s Gravity

for Extended Objects

Sun Earth

Lorentz Boost

for Point Particles

Einstein’s

Wigner’s Little groups

for Internal 

Space-time Symmetries

20 Years Wigner   1939    

for Point Particles

Fig. 6.2 Wigner’s 1939 paper on internal space-time symmetries. Let us go back to

two figures given in the Preface. We can combine those figures into one. As the Lorentz

group provided the mathematical tool for Einstein’s formulation of special relativity,
Wigner’s mathematics provides the tools for studying internal space-time symmetries of

particles in the Lorentz-covariant world.

space-time symmetries of particles in the Lorentz-covariant world. This

question is far more important than whether Wigner deserved a Nobel

Prize for this paper alone.

For many years since 1963, many people claimed that Wigner’s 1939

paper is worthless because he did not get the Nobel Prize for it. Let us

respond to this fatalistic view. Einstein did not get the prize for his formu-

lation of special relativity in 1905. Does this mean that Einstein’s special

relativity is worthless?

However, it is quite possible that Wigner started this subject, but did

not finish it. If so, how did this happen? In his 1939 paper [Wigner (1939)],

Wigner considered the subgroups of the Lorentz group whose transforma-

tions leave the momentum of a given particle invariant. These subgroups

are called Wigner’s little groups. It was not clear to the physics world that

the little groups dictate the internal space-time symmetries in the Lorentz-

covariant world.

Wigner observed first that a massive particle at rest has three rotational

degrees of freedom leading to the concept of spin. Thus the little group for

this massive particle is like O(3). How about this massive particle moving

in the z direction? We could settle this issue easily.

Wigner observed also that a massless particle cannot be brought to its
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Fig. 6.3 Wigner with Einstein. This portrait was constructed by Bulent Atalay in 1978

for the Einstein Centennial Year of 1979.

rest frame, but he showed that the little group for the massless particle also

has three degrees of freedom, and that this little group is locally isomorphic

to the group E(2) or the two-dimensional Euclidean group. This means

that generators of this little group share the same Lie algebra with the

two-dimensional Euclidean group with one rotational and two translational

degrees of freedom.

It is not difficult to associate the rotational degree of freedom of E(2) to

the helicity of the massless particle. However, what is the physics of those

two translational degrees of freedom? Wigner did not provide the answer

to this question in his original paper [Wigner (1939)]. There is an opinion

in the physics community that Wigner did not get his Nobel Prize for his

1939 paper because of this.

To be more specific, let us go to Fig. 6.4, showing the pages from the

1939 paper. There are two four-by-four matrices. One of them is for the

Lorentz boost along the z direction. The other is for the little group for

massless particles. Wigner did not offer a physical interpretation of this

strange matrix.

Indeed, this question has a stormy history. In 1964, Weinberg con-

structed a representation space independent of this matrix, and ended

up with the gauge-independent electromagnetic field tensor [Weinberg

(1964c)]. In 1971, Janner and Jenssen [Janner and Janssen (1971)] con-
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Fig. 6.4 Wigner’s 1939 paper in the Annals of Mathematics. Its front page is on page
149 of the journal. On page 165, there are two strange matrices. The second matrix

(matrix B) is for the Lorentz boost along the z direction. However, the physics of the
first matrix (matrix A) was not completely understood until 1990, 51 years after 1939.

(courtesy of the Annals of Mathematics)

structed this matrix for a gauge transformation of electromagnetic waves

interacting with electrons. In 1976, Kupersztych obtained the same expres-

sion by considering a rotation followed by a Lorentz boost which leaves

the photon momentum invariant and concluded that this matrix performs

a gauge transformation when applied to the electromagnetic four-vector,

without mentioning Wigner’s little group for massless particles [Kupersz-

tych (1976)]. In 1981, Han and Kim considered a rotation and two boosts

whose resulting transformation would leave the photon four-momentum in-

variant. They also noted that this matrix performs a gauge transformation.

In addition, they pointed out the matrix was constructed by Wigner for his

little group for photons [Han and Kim (1981)]. However, the issue was not

completely settled until 1990 [Kim and Wigner (1990b)], fifty one years

after 1939, or 27 years after his Nobel Prize in 1963.

In this Chapter, we point out that the complete understanding of

this matrix leads to the result given in Table 6.1. As Einstein’s energy-

momentum leads to expressions both in the small-momentum and large-

momentum limits, Wigner’s little groups explain the internal space-time

symmetries for the massive particle at rest as well as for the massless par-



February 13, 2018 16:40 ws-book9x6 New Perspectives on Einstein’s E = mc2 wsbook page 70

70 New Perspectives on Einstein’s E = mc2

Table 6.1 One little group for both massive and massless particles. Einstein’s spe-
cial relativity gives one relation for both. Wigner’s little group unifies the internal

space-time symmetries for massive and massless particles which are locally isomor-
phic to O(3) and E(2) respectively [Han et al. (1983)].

Massive

Slow

Lorentz

Covariance

Fast

Massless

Energy

Momentum
mc2 + p2/2m

Einstein’s

E =

√
(mc2)2 + (cp)2

E = cp

Helicity S3 Wigner’s Helicity
Spin, Gauge S1, S2 Little Group Gauge Trans.

ticle.

In Sec. 6.2, we spell out Wigner’s little groups in the language of two-by-

two matrices. In Sec. 6.3,the little group for massless particles is discussed

in detail. In Sec. 6.4, the two-by-two representation is given for spin-1/2

particles. The gauge transformation is defined for this two-by-two repre-

sentation. In Sec. 6.5, the O(3)-like little group for massive particles is

presented. In Sec. 6.6 we discuss the continuity problem for massive, mass-

less, and imaginary mass particles.

The Dirac equation is for the internal space-time symmetries of spin-1/2

particles in the Lorentz-covariant world. We shall study the Dirac equation

and Dirac matrices in detail in Chapter 7.

6.2 Wigner’s Little Groups

In his paper of 1939 [Wigner (1939)], Wigner noted that the most important

quantities for a given particle are its mass and momentum, thus, its four-

momentum. In addition to the four-momentum, what other variables are

needed for the complete description of the particle?

If the particle is at rest, its momentum is zero, but it has spin with three

different directions. A light wave has electric and magnetic fields perpen-

dicular to the direction of propagation. This is translated into the photon

spin parallel or anti-parallel to the direction of motion. Massless spin-half

neutrinos are polarized. These are the issues concerning the internal space-

time symmetries.
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Thus, Wigner considered the subgroups of the Lorentz group whose

transformations do not change the four-momentum of a given particle.

These subgroups are called Wigner’s little groups.

Let us choose the z axis as the direction of the momentum. Then, in

the two-by-two representation, the four-momentum takes the form

[P ] =

(
E + p 0

0 E − p

)
, (6.1)

where p is the magnitude of momentum. The determinant of this matrix is

E2 − p2, which is m2. It is a Lorentz-invariant quantity.

If this particle is at rest, the momentum four-vector becomes

m

(
1 0

0 1

)
, (6.2)

If the particle is massless, the four-momentum is

2p

(
1 0

0 0

)
. (6.3)

We do not observe particles moving faster than light, but they play

roles in physical theories. Their masses are imaginary with negative values

of m2. Thus, p2 = −m2 and the momentum four-vector can be written as

p

(
1 0

0 −1

)
, (6.4)

Since the momentum has three degrees of freedom, and since the mo-

mentum is fixed, each little group has three degrees of freedom. First of

all, all three of these matrices are invariant under rotations around the z

axis, since

Z(φ)[P ]Z†(φ) = [P ] (6.5)

where [P ] is given in Eqs. (6.2), (6.3), and (6.4). The rotation matrix Z(φ)

takes the form

Z(φ) =

(
e−iφ/2 0

0 eiφ/2

)
, (6.6)

as given in Table 5.1. This rotation matrix is generated by

J3 =
1

2

(
1 0

0 −1

)
. (6.7)

Thus, in addition to this degree of freedom, there are two additional

degrees of freedom. For the massive particle at rest, the momentum four-

vector is proportional to the identity matrix. Therefore, the rotation matrix

R(θ) satisfies the condition

R(θ)[P ]R†(θ) = [P ] (6.8)
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where [P ] is given in Eq. (6.2), and R(θ) takes the form(
cos(θ/2) − sin(θ/2)

sin(θ/2) cos(θ/2)

)
. (6.9)

Since the rotation axis can be rotated around the z axis, rotations around

the y axis leave the the four-momentum invariant. Indeed, the little group

for the massive particle at rest are like O(3) or the three-dimensional rota-

tion group.

For a massless particle moving along the z direction, the little group

should satisfy

D[P ]D† = [P ] (6.10)

where [P ] is given in Eq. (6.3). The two-by-two D matrix should be of the

form

D(γ, ξ) =

(
1 γ − iξ
0 1

)
(6.11)

with two real parameters γ and ξ. This D matrix can be written as

exp (−iγN1 − iξN2) (6.12)

with

N1 = K1 − J2 =
1

2

(
0 i

0 0

)
,

N2 = K2 + J1 =
1

2

(
0 1

0 0

)
. (6.13)

It was shown in Sec. 5.4 that these two matrices, together with the rotation

generator of Eq. (6.7), satisfy the set of commutation relations which are like

the two-dimensional Euclidean group. This was observed first by Wigner

in 1939 [Wigner (1939)]. We shall discuss the physics of N1 and N2 in

Sec. 6.3.

As for the little group whose transformations leave the four-momentum

of Eq. (6.4) invariant, we can consider the matrix

S(λ) =

(
cosh(λ/2) sinh(λ/2)

sinh(λ/2) cosh(λ/2)

)
. (6.14)

This matrix corresponds to the Lorentz boost along the x direction. This

matrix is generated by K1 listed in Table 5.1. Then this matrix satisfies

the condition

S(λ)[P ]S†(λ) = [P ], (6.15)

where [P ] is the four-momentum matrix of Eq. (6.4). Since there is a

rotational degree around the z axis, the Lorentz-boost along the y direction

will lead to the same result.
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6.3 Massless Particles

Let us go back to N1 and N2, introduced in Sec. 6.2 as well as Sec. 5.4.

The D(γ, ξ) matrix is constructed not to change the momentum-energy

four-vector of the massless particle moving along the z direction. Then

we are led to examine what happens when this matrix is applied to the

electromagnetic four-vector, which can be written as

[A] =

(
A0 +Az Ax − iAy
Ax + iAy A0 −Az

)
. (6.16)

This matrix can be transformed in the way the space-time and momentum

four-vectors are transformed in the Lorentzian space. However, unlike the

momentum-energy four-vector of Eq. (6.3), this matrix has off-diagonal

elements. The transformation in this case can be written as

D(γ, ξ)[A]D†(γ, ξ), (6.17)

and the matrix multiplication leads to

[A] + 2

(
γAx + ξAy 0

0 0

)
+ (A0 −Az)

(
γ2 + ξ2 γ − iξ
γ + iξ 0

)
. (6.18)

If we place the Lorentz condition A0 = Az, then [A] becomes

[A] =

(
A0 +Az Ax − iAy
Ax + iAy 0

)
. (6.19)

and the D transformed [A] of Eq. (6.18) becomes

[A] + 2

(
γAx + ξAy 0

0 0

)
(6.20)

This means that Ax and Ay are not changed, but the quantity

(γAx + ξAy)

is added to A0 and to Az. In other words, the D matrix performs a gauge

transformation.

Yes, the two-by-two matrix D was generated by the Lie algebra for

the two-dimensional Euclidean group with two independent translational

degrees of freedom. On the other hand, the D transformation given so

far changes only one parameter. In order to examine this result further,

let us study the geometry of the Euclidean transformation in the three
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dimensional space of (x, y, z). The rotation around the z axis is generated

by

J3 =

0 −i 0

i 0 0

0 0 0

 , P1 =

0 0 i

0 0 0

0 0 0

 , P2 =

0 0 0

0 0 i

0 0 0

 . (6.21)

These matrices of course satisfy the Lie algebra given in Eq. (5.44). The

commutation relations are

[P1, P2] = 0, [J3, P1] = iP2, [J3, P1] = −iP2, (6.22)

and the transformation matrix becomes

E(γ, ξ) = exp(−iγP1 − iξP2) =

1 0 γ

0 1 ξ

0 0 1

 . (6.23)

When this matrix is applied to the (x, y, z) coordinates with z = 1, the

result is translations along the x and y variables:1 0 γ

0 1 ξ

0 0 1

xy
1

 . =

x+ γ

y + ξ

1

 . (6.24)

The E(γ, ξ) indeed performs translations on the x, y plane.

If we take the Hermitian conjugate of the E matrix of Eq. (6.23), the

result is

C(γ, ξ) =

1 0 0

0 1 0

γ ξ 1

 . (6.25)

This matrix can be written as

C(γ, ξ) = exp (−iγQ1 − iξQ2) =

1 0 0

0 1 0

γ ξ 1

 , (6.26)

with

Q1 =

0 0 0

0 0 0

i 0 0

 , Q2 =

0 0 0

0 0 0

0 i 0

 (6.27)

These matrices satisfy the same Lie algebra as that for P1 and P2:

[Q1, Q2] = 0, [J3, Q1] = iQ2, [J3, Q1] = −iQ2. (6.28)
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On the other hand, in the differential form, they are quite different from

the translation generators. They can be written as

Q1 = −ix ∂
∂z
, and Q2 = −iy ∂

∂z
. (6.29)

These operators do not change the x and y coordinates. They add to the

z coordinate quantities proportional to values of x and y. As is shown in

Fig. 6.5, this is a transformation on a cylindrical surface. Thus, we call

the group generated by the Lie algebra of Eq. (6.28) the cylindrical group.

The geometry of internal space-time symmetry of massless particles is that

of a cylinder with one rotational degree of freedom corresponding to the

helicity and one translational degree of freedom along the side surface of

the cylinder [Kim and Wigner (1987)]. This geometry is shown in Fig. 6.5.
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Fig. 6.5 The Euclidean group (left) has one rotational degree of freedom and two trans-
lational degrees of freedom. The cylindrical group has one rotational degree of freedom

viewed from the top and one translational degree of freedom viewed along the lon-

gitudinal surface. This translaional degree of freedom can be associated with gauge
transformations [Kim and Wigner (1987)].

6.4 Spin-1/2 particles

Let us go back to the Lie algebra of the Lorentz group given in Eq. (5.18).

It was noted that there are six four-by-four matrices satisfying nine com-

mutation relations. It is possible to construct the same Lie algebra with
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six two-by-two matrices [Kim and Noz (1986)]. They are

Ji =
1

2
σi, and Ki =

i

2
σi, (6.30)

where σi are the Pauli spin matrices. While Ji are Hermitian, Ki are not.

They are anti-Hermitian. Since the Lie algebra of Eq. (5.18) is Hermitian

invariant, we can construct the same Lie algebra with

Ji =
1

2
σi, and K̇i = − i

2
σi. (6.31)

This is the reason why the four-by-four Dirac matrices can explain both

the spin-1/2 particle and the anti-particle.

right-h
anded

left-h
ande

d

Fig. 6.6 Polarization of massless neutrinos. Massless neutrinos are left-handed, while

anti-neutrinos are right-handed. This is a consequence of gauge invariance.

Thus the most general form of the transformation matrix takes the form

T = exp

(
− i

2

∑
i

θiσi +
1

2

∑
i

ηiσi

)
, (6.32)

and this transformation matrix is applicable to the spinors

u =

(
1

0

)
, and v =

(
0

1

)
. (6.33)

In addition, we have to consider the transformation matrices

Ṫ = exp

(
− i

2

∑
i

θiσi −
1

2

∑
i

ηiσi

)
, (6.34)

applicable to

u̇ =

(
1

0

)
, and v̇ =

(
0

1

)
. (6.35)
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With this understanding, let us go back to the Lie algebra of Eq. (5.18).

Here again the rotation generators satisfy the closed set of commutation

relations:

[Ji, Jj ] = iεijkJk,
[
J̇i, J̇j

]
= iεijkJ̇k. (6.36)

These operators generate the rotation-like SU(2) group, whose physical

interpretation is well known, namely the electron and positron spins.

Here also we can consider the E(2)-like subgroup generated by

J3, N1 = K1 − J2, N2 = K2 + J1. (6.37)

The N1 and N2 matrices take the form

N1 =

(
0 i

0 0

)
, N2 =

(
0 1

0 0

)
. (6.38)

On the other hand, in the dotted representation,

Ṅ1 =

(
0 0

−i 0

)
, Ṅ2 =

(
0 0

1 0

)
. (6.39)

There are therefore two different D matrices:

D(γ, ξ) = exp {− (iγN1 + iξN2)} =

(
1 γ − iξ
0 1

)
, (6.40)

and

Ḋ(γ, ξ) = exp
{
−
(
iγṄ1 + iξṄ2

)}
=

(
1 0

γ + iξ 1

)
. (6.41)

These are the gauge transformation matrices applicable to massless spin-

1/2 particles [Han et al. (1982, 1986b)].

The spinors u and v̇ are gauge-invariant since

D(γ, ξ)u = u, and Ḋ(γ, ξ)v̇ = v̇. (6.42)

As for v and u̇,

D(γ, ξ)v = v + (γ − iξ)u,

Ḋ(γ, ξ)u̇ = u̇+ (γ + iξ)v̇. (6.43)

They are not invariant under the D transformations, and they are not

gauge-invariant. Thus, we can conclude that the polarization of massless

neutrinos is a consequence of gauge invariance, as illustrated in Fig. 6.6.
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6.5 Massless particle as a limiting case of a massive particle

In 1953, Inönü and Wigner [Inönü and Wigner (1953)] started with a sphere

with the symmetry of the group O(3) or the three-dimensional rotation

group. They observed that the surface of the sphere becomes flat when the

radius of the sphere becomes large, and considered a flat surface tangent

to the sphere.

Then the group theory of the rotation group will become that of the

flat surface in the large-radius limit. Let us start with the generators of the

rotation group:

Jx = −iy ∂
∂z

+iz
∂

∂y
, Jy = −iz ∂

∂x
+ix

∂

∂z
, Jz = −ix ∂

∂y
+iy

∂

∂x
. (6.44)

Near the north pole, x and y are much smaller than z, and z is almost

constant. Within this range of variables,
1

R
Jx = +i

∂

∂y
, and

1

R
Jy = −i ∂

∂x
, (6.45)

where R is the radius of the sphere, while Jz remains unchanged. These

are the generators of the Euclidean group. Inönü and Wigner called this

limiting process the contraction of O(3) to E(2). They used this contrac-

tion procedure for obtaining the Galilean group for slow particles from the

Lorentz group.

It was not until 1983 when Han et al. [Han et al. (1983)] observed that

the O(3)-like little group for massive particles can be contracted to the

E(2)-like little group for massless particles, while the radius of the sphere

corresponds to the speed of the particle.

In 1987, Kim and Wigner considered the equatorial belt where z is

much smaller than x and y [Kim and Wigner (1987)]. Then Jx and Jy of

Eq. (6.44) become

Jx = −iy ∂
∂z
, Jy = ix

∂

∂z
, (6.46)

while Jz is not changed. These are the generators of the cylindrical group

applicable to massless particles with one rotational degree of freedom and

one gauge degree of freedom.

The purpose of this section is to Lorentz boost Wigner’s O(3)-like little

group and show that this boosted O(3) becomes the E(2)-like little group

in the infinite-momentum limit, as illustrated in Fig.(6.7)

In the two-by-two representation, the Lorentz boost along the positive

direction is

B(η) =

(
eη/2 0

0 e−η/2

)
, (6.47)
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Fig. 6.7 O(3)-like and E(2)-like internal space-time symmetries of massive and massless
particles. The sphere corresponds to the O(3)-like little group for the massive particle.

There is a plane tangential to the sphere at its north pole which is E(2). There is also a

cylinder tangent to the sphere at its equatorial belt. This cylinder gives one helicity and
one gauge degree of freedom. This figure thus gives a unified picture of the little groups

for massive and massless particles [Başkal et al. (2015)].

and the rotation around the y axis is

R(θ) =

(
cos(θ/2) − sin(θ/2)

sin(θ/2) cos(θ/2)

)
. (6.48)

Then, the boosted rotation matrix is

B(η)R(θ)B(−η) =

(
cos(θ/2) −eη sin(θ/2)

e−η sin(θ/2) cos(θ/2)

)
. (6.49)

If η becomes very large, and this matrix is to remain finite, θ has to

become very small, and this expression becomes [Han et al. (1983); Başkal

et al. (2015)] (
1− ρ2e−2η/2 ρ

−ρe−2η 1− ρ2e−2η/2

)
. (6.50)

with

ρ = −1

2
θeη, (6.51)
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and ρ is positive when θ is negative. This expression becomes

D(ρ) =

(
1 ρ

0 1

)
. (6.52)

In this two-by-two representation, the rotation around the z axis is

Z(φ) =

(
e−iφ/2 0

0 eiφ/2

)
. (6.53)

Thus

D(γ, ξ) = Z(φ)D(ρ, 0)Z−1(φ), (6.54)

which becomes

D(γ, ξ) =

(
1 γ − iξ
0 1

)
, (6.55)

with

γ = ρ cosφ, and ξ = ρ sinφ, (6.56)

Here, we have studied how the O(3)-like little group for the massive

particle becomes the E(2)-like little group for the massless particle in the

infinite-η limit. What does this limit mean physically? The parameter η

can be derived from the speed of of the particle. We know tanh(η) = v/c,

where v is the speed of the particle. Then

tanh η =
p√

m2 + p2
, (6.57)

where m and p are the mass and the momentum of the particle respectively.

If m is much smaller than p,

eη =

√
2p

m
, (6.58)

which becomes large when m becomes very small. Thus, the limit of large

η means the zero-mass limit.

Let us carry out the same limiting process for the four-by-four represen-

tation. From the generators of the Lorentz group, it is possible to construct

the four-by-four matrices for rotations around the y axis and Lorentz boosts

along the z axis as [Başkal et al. (2015)]

R(θ) = exp (−iθJ2), and B(η) = exp (−iηK3), (6.59)

respectively. The Lorentz-boosted rotation matrix isB(η)R(θ)B(−η) which

can be written as
cos θ 0 (sin θ) cosh η −(sin θ) sinh η

0 1 0 0

−(sin θ) cosh η 0 cos θ − b sinh2 η b(cosh η) sinh η

−(sin θ) cosh η 0 −b(cosh η) sinh η cos θ + b cosh2 η

 , (6.60)
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with b = (1 − cos θ). While tanh η = v/c, this boosted rotation matrix

becomes a transformation matrix for a massless particle when η becomes

infinite. On the other hand, if the matrix is to be finite in this limit, the

angle θ has to become small. If we let ρ = − 1
2θe

η as given in Eq. (6.51),

this four-by-four matrix becomes
1 0 −ρ ρ

0 1 0 0

ρ 0 1− ρ2/2 ρ2/2

ρ 0 −ρ2/2 1 + ρ2/2

 . (6.61)

This is the Lorentz-boosted rotation matrix around the y axis. However,

we can rotate this y axis around the z axis by φ. Then the matrix becomes
1 0 −ρ cosφ ρ cosφ

0 1 −ρ sinφ ρ sinφ

ρ cosφ ρ sinφ 1− ρ2/2 ρ2/2

ρ cosφ ρ sinφ −ρ2/2 1 + ρ2/2

 . (6.62)

If we replace ρ cosφ and ρ sinφ with γ and ξ respectively according to

Eq. (6.56), this expression becomes
1 0 −γ γ

0 1 −ξ ξ

γ ξ 1−
(
γ2 + ξ2

)
/2

(
γ2 + ξ2

)
/2

γ ξ −
(
γ2 + ξ2

)
/2 1 +

(
γ2 + ξ2

)
/2

 , (6.63)

as shown in Fig. 6.4.

6.6 Continuity Problem

In this chapter, we studied different forms of matrices for the three little

groups. The question is whether the little group for massive particles can

be continued to that for massless particles, and then to that for imaginary-

mass particles. For this purpose, we are led to consider the matrices(
cos(x) − sin(x)

sin(x) cos(x)

)
(6.64)

for negative values of x, and(
cosh(x) sinh(x)

sinh(x) cosh(x)

)
(6.65)

for positive values of x.
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The question is how these matrices can be continued to each other.

Another question is whether they become triangular during the continua-

tion process. To answer these questions, let us Lorentz-boost them. They

become(
cos(x) −eη sin(x)

e−η sin(x) cos(x),

)
and

(
cosh(x) eη sinh(x)

e−η sinh(x) cosh(x).

)
(6.66)

If the matrix is to remain finite for large values of η, |x| has to be very

small and the matrix should take the form(
1− e−2ηρ2/2 ρ

−e−2ηρ 1− e−2ηρ2/2

)
, (6.67)

for small negative x, and(
1 + e−2ηρ2/2 ρ

e−2ηρ 1 + e−2ηρ2/2

)
, (6.68)

for positive x, while ρ = eη|x| remains finite. In the extreme limit of large

η both matrices become triangular:(
1 ρ

0 1

)
. (6.69)

When a quantity is extremely close to zero, it can change its sign. This is

how the matrix of Eq(6.67) can make its continuation to that of Eq. (6.68),

as illustrated in Fig. 6.8.

sin(x) to sinh(x) cos(x) to cosh(x)

Fig. 6.8 Continuities of functions. The functions sin(x) and cos(x) can be converted

to sinh(x) and cosh(x) respectively at x = 0. Their first derivatives are continuous but
the second derivatives are not. Thus, these are not analytic continuations. They are
tangentially continuous.
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Chapter 7

Lorentz Completion of the Little
Groups

In his original paper [Wigner (1939)], Wigner worked out the three little

groups with different Lie algebras and different sets of transformation ma-

trices, depending on whether m2 is positive, negative, or zero. Even though

one little group can be continued to two different little groups as shown in

Sec. 6.6, the continuity is not analytic. In this chapter, we shall show

whether it is possible to study the same problem with a different choice of

variables which will allow us to continue analytically to all the ranges of

the mass variables.

While Wigner was interested in transformations that leave the momen-

tum of a given particle invariant, he was not necessarily interested in fixing

the mass variables. He was only interested in fixing the momentum vari-

ables. Let us thus consider a particle moving along the z direction with the

magnitude of momentum p. Rotations round the z axis do not change this

momentum.

This momentum can be rotated around the y axis. This rotated mo-

mentum is in the zx plane. It can then be Lorentz-boosted back to the

original rotation. Thus, the net transformation is a rotation followed by a

boost. Since this net transformation leaves the initial momentum invariant,

it must be an element of Wigner’s little group.

Rotations can be described by a circular arc, while Lorentz boosts will

be straight lines. These line-circle combination should form a closed loop

for the transformation that leaves the momentum invariant. Each circle and

line should carry an arrow head to indicate the direction of transformation.

Since the net transformation leaves the momentum invariant, it should be

describable by a closed loop consisting of arcs and lines. We shall use this

loop method to study Wigner’s little groups in this Chapter.

83



February 13, 2018 16:40 ws-book9x6 New Perspectives on Einstein’s E = mc2 wsbook page 84

84 New Perspectives on Einstein’s E = mc2

7.1 Introduction

In his original paper, Wigner worked out his little groups for the particle

in a specific Lorentz frame. If the particle is massive, Wigner worked out

his little group in the frame where the particle momentum is zero. When

the particle mass is imaginary, he constructed the transformation matrix

in the frame where m2 = −p2. Wigner did not discuss what happens when

the momentum takes different values.

For a massive moving particle, it is possible to Lorentz-boost both the

momentum and the little group matrix. It is even possible to boost the

system to the infinite value of momentum to get the little group for massless

particles, as indicated in Table 6.1.

In this chapter, we construct the transformation matrix whose param-

eters will cover all possible momentum and mass variables analytically by

constructing loop transformations as described in Fig. 7.1. Since these

loops preserve the original direction and magnitude of the momentum, it is

appropriate to call them Wigner loops.

It was a Kupersztych [Kupersztych (1976)] who showed in 1976 that it is

possible to construct a momentum-preserving transformation by a rotation

followed by a boost as shown in Fig. 7.1. He constructed his loop for a

massless particle. In 1981, without knowing Kuperstyztych’s earlier work,

Han and Kim obtained the same result by constructing the loop with one

rotation and two boosts as shown in Fig. 7.1[Han and Kim (1981)]. In

1988 [Han and Kim (1988)], Han and Kim showed that the same purpose

can be achieved by one boost preceded and followed by the same rotation

matrix, as shown also in Fig. 7.1. They showed that this process can be

extended to particles with all possible values of mass. It is quite appropriate

to call this loop D loop.

The D loop contains two circular arcs and one vertical line. They all

carry their arrow heads. Thus, we can use the D loops to study the parity,

time reversal, and charge conjugations of the little groups. This method is

convenient for studying the symmetries of the Dirac equation.

In Sec. 7.2, we shall write down the two-by-two matrix for the D loop

depending on two variables. It is shown that these variables cover ana-

lytically all possible masses. In Sec. 7.3 we discuss parity, time reversal,

and charge conjugation in terms of the D loops. In Sec. 7.4 we discuss the

Dirac matrices as a representation of the little group. In Sec. 7.5 we show

the polarization of massless neutrinos, and in Sec. 7.6 we derive scalars,

vectors, and tensors associated with the little groups.
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1976 1981 1988

z z z

x x x

ac

c

D loop

Fig. 7.1 Evolution of the Wigner loop. In 1976 [Kupersztych (1976)], Kupersztych con-

sidered a rotation followed by a boost whose net result will leave the momentum invariant.

In 1981 [Han and Kim (1981)], Han and Kim considered the same problem with simpler
forms for boost matrices. In 1988, Han and Kim [Han and Kim (1988)] constructed the

Lorentz kinematics corresponding to the Bargmann decomposition [Bargmann (1947)]
consisting of one boost matrix sandwiched by two rotation matrices. In the present case,

the two rotation matrices are identical.

7.2 Loop Representation of Wigner’s Little Groups

In this section, we construct the two-by-two D matrix and study its prop-

erties. Let us assume that the momentum is along the z direction, the

rotation around the z axis leaves the momentum invariant. According the

Euler decomposition [Han et al. (1986a)], the rotation around the y axis,

in addition, will accommodate rotations along all three directions. For this

reason, it is enough to study what happens in transformations within the

xz plane [Han et al. (1986a)].

According to Fig. 7.1, the two-by-two matrix for the D loop can be

written as

D(α, χ) = R(α)S(−2χ)R(α). (7.1)

The D matrix is written in terms of three transformations. This form is

known in the literature as the Bargmann decomposition [Bargmann (1947)].

This particular form gives an additional convenience. When we take the

inverse or the Hermitian conjugate, we have to reverse the order of matrices.

However, this form does not require re-ordering in the present case.

After the matrix multiplication, this D matrix becomes

D(α, χ) =

(
(cosα) coshχ − sinhχ− (sinα) coshχ

− sinhχ+ (sinα) coshχ (cosα) coshχ

)
. (7.2)

This matrix is analytic in both α and χ variables for all possible values as

illustrated in fig.(a) of Fig. 7.2. In this figure, the square region is divided
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into two triangular regions: one with sinα > tanhχ and the other with

sinα < tanhχ. The division is made by the line where sinα = tanhχ.

The question is whether it is possible to determine the mass of the

particle from the parameters α, χ, and p. In Chapter 6, we noted that

Wigner in his original paper worked out his little groups for three different

regions of m2, namely for m2 > 0,m2 < 0, and for m2 = 0. For m2 = 0,

the little group matrix becomes triangular. Thus, the straight line sinα =

tanhχ in Fig. 7.2 corresponds to this region.

�g.a �g.b

Fig. 7.2 Non-Lorentzian transformations allowing mass variations. The D matrix of

Eq. (7.2) allows us to change the χ and α analytically within the square region in fig.a.
These variations allow the mass variations illustrated in fig.b, not allowed in Lorentz

transformations. The Lorentz transformations are possible along the hyperbolas given

in this figure.

As for the massive particle with positive values of m, Wigner considered

a particle at rest with four-momentum(
m 0

0 m

)
. (7.3)

He found out the Hermitian subgroup, namely the rotation subgroup, leaves

this momentum invariant. Since the rotation around z belongs to this sub-

group, it is then sufficient to consider the rotation around the y direction.

The rotation matrix is (
cos(θ/2) − sin(θ/2)

sin(θ/2) cos(θ/2)

)
, (7.4)

as was noted in Sec. 6.2. If we Lorentz-boost this matrix along the z
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direction, it becomes (
cos(θ/2) −eη sin(θ/2)

e−η sin(θ/2) cos(θ/2)

)
, (7.5)

while the momentum matrix is boosted to(
meη 0

0 e−ηm

)
=

(√
m2 + p2 + p 0

0
√
m2 + p2 − p

)
, (7.6)

with

e−2η =

√
m2 + p2 − p√
m2 + p2 + p

(7.7)

Let us compare the transformation matrix of Eq. (7.5) with theD matrix

of Eq. (7.2), and take the ratio

e−2η =
lower-left element

upper-right element
. (7.8)

Then √
m2 + p2 − p√
m2 + p2 + p

=
sinα− tanhχ

sinα+ tanhχ
. (7.9)

This equation allows us to calculate m2 in terms of α, χ, and p, and

m2 = p2
(

sinα

tanhχ
− 1

)
, (7.10)

where m2 is positive with sinα > tanhχ. The α and χ variables are within

the upper triangular region in fig.(a) of Fig. 7.2.

If m2 is negative, Wigner worked out his little group in the Lorentz

frame where the momentum four-vector takes the form(
m 0

0 −m

)
, (7.11)

and the little-group matrix is(
cosh(λ/2) − sinh(λ/2)

− sinh(λ/2) cosh(λ/2)

)
. (7.12)

We can Lorentz-boost both the four-momentum of Eq. (7.11) and the trans-

formation matrix of Eq. (7.12), and compare them with the D matrix of

Eq. (7.2) to calculate m2, which becomes negative with sinα < tanhχ. The

α and χ variables are now within the lower triangular region in fig.(a) of

Fig. 7.2.

The formula of Eq. (7.10 becomes zero when sinα = tanhχ. Thus the

same mass formula is valid for all possible values of (mass)2, and deter-

mined by the α and χ variables for a given value of p, as illustrated by

fig.(b) of Fig. 7.2.
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7.3 Parity, Time Reversal, and Charge Conjugation

Space inversion leads to the sign change in χ:

D(α,−χ) =

(
(cosα) coshχ sinhχ− (sinα) coshχ

sinhχ+ (sinα) coshχ (cosα) coshχ

)
, (7.13)

and time reversal leads to the sign change in both α and χ:

D(−α,−χ) =

(
(cosα) coshχ sinhχ+ (sinα) coshχ

sinhχ− (sinα) coshχ (cosα) coshχ

)
. (7.14)

If we space-invert this expression, the result is a change only the direction

of rotation,

D(−α, χ) =

(
(cosα) coshχ − sinhχ+ (sinα) coshχ

− sinhχ− (sinα) coshχ (cosα) coshχ

)
. (7.15)

The combined transformation of space inversion and time reversal is known

as the charge conjugation. All these transformations are illustrated in

Fig. 7.3.

Table 7.1 Parity, charge conjugation, and time reversal in the loop representa-

tion.

Start Time Reflection

Start

Start with

R(α)S(−2χ)R(α)

Time Reversal

R(−α)S(2χ)R(−α)

Space

Inversion

Parity

R(α)S(2χ)R(α)

Charge Conjugation

R(−α)S(−2χ)R(−α)

Let us go back to the Lie algebra of Eq. (5.18) of Chapter 5. This

algebra is invariant under Hermitian conjugation. This means that there is

another set of commutation relations,

[Ji, Jj ] = iεijkJk,
[
Ji, K̇j

]
= iεijkK̇k,

[
K̇i, K̇j

]
= −iεijkJk,

(7.16)

where Ki is replaced with K̇i = −Ki. These Ki generators are anti-

Hermitian. According to the expressions given in Sec. 5.1, this transition

to the dotted representation is achieved by the space inversion or by the

parity operation.



February 13, 2018 16:40 ws-book9x6 New Perspectives on Einstein’s E = mc2 wsbook page 89

Lorentz Completion of the Little Groups 89

Time Re�ection

S
p

a
ce

 In
v

e
rs

io
n

   Time 

Reversal

Parity Charge

Conjugation

Fig. 7.3 Parity, time reversal, and charge conjugation of Wigner’s little groups in the

loop representation.

On the other hand, the complex conjugation of the Lie algebra of

Eq. (7.16) leads to[
J∗i , J

∗
j

]
= −iεijkJ∗k ,

[
J∗i ,K

∗
j

]
= −iεijkK∗k ,

[
K∗i ,K

∗
j

]
= iεijkJ

∗
k .

(7.17)

It is possible to restore this algebra to that of the original form of Eq. (7.16)

if we replace J∗i by −Ji and K∗i by −Ki. This corresponds to the time-

reversal process. This operation is known as the anti unitary transformation

in the literature [Wigner (1960a,b)]

Since the algebras of Eq. (7.16) and Eq. (7.17) are invariant under the
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sign change of Ki and K∗i respectively, there is another Lie algebra with

J∗i replaced by −Ji and K∗i by −K̇i. This is the parity operation followed

by time reversal, resulting in charge conjugation. With the four-by-four

matrices for spin-1 particles, this complex conjugation is trivial, and J∗i =

−Ji as well as K∗i = −Ki.

On the other hand for spin 1/2 particles, we note that

J∗1 = J1, J∗2 = −J2, J∗3 = J3,

K∗1 = −K1, K∗2 = K2, K∗3 = −K3. (7.18)

Thus, J∗i should be replaced by σ2Jiσ2, and K∗i by -σ2Kiσ2 .

7.4 Dirac Matrices as a Representation of the Little Group

The Dirac equation, Dirac matrices, and Dirac spinors constitute the basic

language for spin-1/2 particles in physics. Yet, they are not widely recog-

nized as the package for Wigner’s little group. Yes, the little group is for

spins, so are the Dirac matrices.

Let us write the Dirac equation as

(p · γ −m)ψ(~x, t) = χψ(~x, t). (7.19)

This equation can be explicitly written as(
−iγ0

∂

∂t
− iγ1

∂

∂x
− iγ2

∂

∂y
− iγ3

∂

∂z
−m

)
ψ(~x, t) = χψ(~x, t), (7.20)

where

γ0 =

(
0 I

I 0

)
, γ1 =

(
0 σ1
−σ1 0

)
, γ2 =

(
0 σ2
−σ2 0

)
, γ3 =

(
0 σ3
−σ3 0

)
,

(7.21)

where I is the two-by-two unit matrix. We use here the Weyl representation

of the Dirac matrices.

The Dirac spinor has four components. Thus, we write the wave function

for a free particle as

ψ(~x, t) = U± exp [i (~p · ~x− p0t)], (7.22)

with the Dirac spinors

U+ =

(
u

u̇

)
, and U− =

(
v

v̇

)
, (7.23)

where

u = u̇ =

(
1

0

)
, and v = v̇ =

(
0

1

)
. (7.24)
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In Eq. (7.22), the exponential form exp [i (~p · ~x− p0t)] defines the particle

momentum, and the column vector U± is for the representation space for

Wigner’s little group dictating the internal space-time symmetries of spin-

1/2 particles.

In this four-by-four representation, the generators for rotations and

boosts take the form

Ji =
1

2

(
σi 0

0 σi

)
, and Ki =

i

2

(
σi 0

0 −σi

)
. (7.25)

This means that both dotted and undotted spinor are transformed in the

same way under rotation, while they are boosted in the opposite directions.

When this γ0 matrix is applied to U±

γ0U+ =

(
0 I

I 0

)(
u

u̇

)
=

(
u̇

u

)
,

γ0U− =

(
0 I

I 0

)(
v

v̇

)
=

(
v̇

v

)
. (7.26)

Thus, the γ0 matrix interchanges the dotted and undotted spinors.

The four-by-four matrix for the rotation around the y axis is

R44(α) =

(
R(α) 0

0 R(α)

)
, (7.27)

while the matrix for the boost along the z direction is

B44(η) =

(
B(η) 0

0 B(−η)

)
, (7.28)

with

B(±η) =

(
e±η/2 0

0 e∓η/2

)
. (7.29)

These γ matrices satisfy the commutation relations

[γµ, γν ] = 2gµν , (7.30)

where

g00 = 1, g11 = g22 = g22 = −1,

gµν = 0 if µ 6= ν. (7.31)

Let us consider space inversion with the exponential form changing to

exp [i (−~p · ~x− p0t)]. For this purpose, we can change the sign of x in the

Dirac equation of Eq. (7.20). It then becomes(
−iγ0

∂

∂t
+ iγ1

∂

∂x
+ iγ2

∂

∂y
+ iγ3

∂

∂z
−m

)
ψ(−~x, t) = χψ(−~x, t). (7.32)
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Since γ0γi = −γiγ0 for i = 1, 2, 3,(
−iγ0

∂

∂t
− iγ1

∂

∂x
− iγ2

∂

∂y
− iγ3

∂

∂z
−m

)
[γ0ψ(−~x · ~p, p0t)]

= χ[γ0ψ(−~x · ~p, p0t)]. (7.33)

This is the Dirac equation under the space inversion or the parity operation.

The Dirac spinor U± becomes γ0U±, according to Eq. (7.26). This operation

is illustrated in Table 7.1 and Fig. 7.3

We are interested in changing the sign of t. First, we can change both

space and time variables, and then we can change the space variable. We

can take the complex conjugate of the equation first. Since γ2 is imaginary,

while all others are real, the Dirac equation becomes(
iγ0

∂

∂t
+ iγ1

∂

∂x
− iγ2

∂

∂y
+ iγ3

∂

∂z
−m

)
ψ∗(~x, t) = χψ∗(~x, t). (7.34)

We are now interested in restoring this equation to the original form of

Eq. (7.20). In order to achieve this goal, let us consider (γ1γ3) . This form

commutes with γ0 and γ2, and anti-commutes with γ1 and γ3. Thus,(
iγ0

∂

∂t
− iγ1

∂

∂x
− iγ2

∂

∂y
− iγ3

∂

∂z
−m

)
(γ1γ3)ψ∗(~x, t)

= χ (γ1γ3)ψ∗(~x,−t). (7.35)

Furthermore, since

γ1γ3 =

(
iσ2 0

0 iσ2

)
(7.36)

this four-by-four matrix changes the direction of the spin. Indeed, this form

of time reversal is consistent with Table 7.1 and Fig. 7.3.

Finally, let us change the signs of both ~x and t. For this purpose, we

go back to the complex-conjugated Dirac equation of Eq. (7.34). Here γ2
anti-commutes with all others. Thus, the wave function

γ2ψ(−~x · ~p,−p0t) (7.37)

should satisfy the Dirac equation. This form is known as the charge-

conjugated wave function, and it is also illustrated in Table 7.1 and Fig. 7.3.
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7.5 Polarization of Massless Neutrinos

For massless neutrinos, the little group consists of rotations around the z

axis, in addition to Ni and Ṅi applicable to the upper and lower components

of the Dirac spinors. Thus, the four-by-four matrix for these generators is

N44(i) =

(
Ni 0

0 Ṅi

)
. (7.38)

The transformation matrix is thus

D44(γ, ξ) = exp
(
−iγN44(1) − iξN44(2)

)
=

(
D(γ, ξ) 0

0 Ḋ(γ, ξ)

)
, (7.39)

with

D(γ, ξ) =

(
1 γ − iξ
0 1

)
, Ḋ(γ, ξ)

(
1 0

−γ − iξ 1

)
. (7.40)

As is illustrated in Fig. 6.7, the D transformation performs the gauge trans-

formation on massless photons. Thus this transformation allows us to ex-

tend the concept of gauge transformations to massless spin-1/2 particles.

With this point in mind, let us see what happens when this D transforma-

tion is applied to the Dirac spinors.

D(γ, ξ)u = u, Ḋ(γ, ξ)v̇ = v̇. (7.41)

Thus, u and v̇ are invariant gauge transformations.

What happens to v and u̇?

D(γ, ξ)v = v + (γ − iξ)u, Ḋ(γ, ξ)u̇ = u̇− (γ + iξ)v̇. (7.42)

These spinors are not invariant under gauge transformations [Han et al.

(1982, 1986b)].

Thus the Dirac spinor

Uinv =

(
u

v̇

)
(7.43)

is gauge-invariant while the spinor

Unon =

(
v

u̇

)
(7.44)

is not. Thus, gauge invariance leads to the polarization of massless spin-1/2

particles. Indeed, this is what we observe in the real world.
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7.6 Scalars, Vectors, and Tensors

We are quite familiar with the process of constructing three spin-1 states

and one spin-0 state from two spinors. Since each spinor has two states,

there are four states if combined.

In the Lorentz-covariant world, for each spin-1/2 particle, there are

two additional two-component spinors coming from the dotted representa-

tion [Kim and Noz (1986); Başkal et al. (2015); Weinberg (1964a)]. There

are thus four states. If two spinors are combined there are 16 states. In

this section, we show that they can be partitioned into

1. scalar with one state,

2. pseudo-scalar with one state,

3. four-vector with four states,

4. axial vector with four states,

5. second-rank tensor with six states.

These quantities contain sixteen states. In our earlier publication [Başkal

et al. (2015)], we did not take into account the parity operation properly.

Here we have completed the job [Başkal et al. (2017)].

For particles at rest, it is known that the addition of two one-half spins

results in spin-zero and spin-one states. Hence, we have two different spinors

behaving differently under the Lorentz boost. Around the z direction, both

spinors are transformed by

Z(φ) = exp (−iφJ3) =

(
e−iφ/2 0

0 eiφ/2

)
. (7.45)

However, they are boosted by

B(η) = exp (−iηK3) =

(
eη/2 0

0 e−η/2

)
,

Ḃ(η) = exp (iηK3),=

(
e−η/2 0

0 eη/2

)
, (7.46)

which are applicable to the undotted and dotted spinors respectively. These

two matrices commute with each other, and also with the rotation matrix

Z(φ) of Eq. (7.45). Since K3 and J3 commute with each other, we can work
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with the matrix Q(η, φ) defined as

Q(η, φ) = B(η)Z(φ) =

(
e(η−iφ)/2 0

0 e−(η−iφ)/2

)
,

Q̇(η, φ) = Ḃ(η)Ż(φ) =

(
e−(η+iφ)/2 0

0 e(η+iφ)/2

)
. (7.47)

When this combined matrix is applied to the spinors,

Q(η, φ)u = e(η−iφ)/2u, Q(η, φ)v = e−(η−iφ)/2v,

Q̇(η, φ)u̇ = e−(η+iφ)/2u̇, Q̇(η, φ)v̇ = e(η+iφ)/2v̇. (7.48)

If the particle is at rest, we can explicitly construct the combinations

uu,
1√
2

(uv + vu), vv, (7.49)

to obtain the spin-one state, and

1√
2

(uv − vu), (7.50)

for the spin-zero state. This results in four bilinear states. In the SL(2, c)

regime, there are two dotted spinors which result in four more bilinear

states. If we include both dotted and undotted spinors, there are sixteen

independent bilinear combinations. They are given in Table 7.2. This table

also gives the effect of the operation of Q(η, φ).

Among the bilinear combinations given in Table 7.2, the following two

equations are invariant under rotations and also under boosts:

S =
1√
2

(uv − vu), and Ṡ = − 1√
2

(u̇v̇ − v̇u̇). (7.51)

They are thus scalars in the Lorentz-covariant world. Are they the same or

different? Let us consider the following combinations

S+ =
1√
2

(
S + Ṡ

)
, and S− =

1√
2

(
S − Ṡ

)
. (7.52)

Under the dot conjugation, S+ remains invariant, but S− changes sign. The

boost is performed in the opposite direction and therefore is the operation

of space inversion. Thus S+ is a scalar while S− is called a pseudo-scalar.
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Table 7.2 Sixteen combinations of the SL(2, c) spinors. In the SU(2) regime, there

are two spinors leading to four bilinear forms. In the SL(2, c) world, there are two

undotted and two dotted spinors. These four-spinors lead to sixteen independent
bilinear combinations.

Spin 1 Spin 0

uu, 1√
2

(uv + vu), vv, 1√
2

(uv − vu)

u̇u̇, 1√
2

(u̇v̇ + v̇u̇), v̇v̇, 1√
2

(u̇v̇ − v̇u̇)

uu̇, 1√
2

(uv̇ + vu̇), vv̇, 1√
2

(uv̇ − vu̇)

u̇u, 1√
2

(u̇v + v̇u), v̇v, 1√
2

(u̇v − v̇u)

After the operation of Q(η, φ) and Q̇(η, φ)

e−iφeηuu, 1√
2

(uv + vu), eiφe−ηvv, 1√
2

(uv − vu)

e−iφe−ηu̇u̇, 1√
2

(u̇v̇ + v̇u̇), eiφeη v̇v̇, 1√
2

(u̇v̇ − v̇u̇)

e−iφuu̇, 1√
2

(eηuv̇ + e−ηvu̇), eiφvv̇, 1√
2

(eηuv̇ − e−ηvu̇)

e−iφu̇u, 1√
2

(u̇v + v̇u), eiφv̇v, 1√
2

(e−ηu̇v − eη v̇u)

7.6.1 Four-vectors

Let us go back to Eq. (7.49), and make a dot-conjugation on one of the

spinors.

uu̇,
1√
2

(uv̇ + vu̇), vv̇,
1√
2

(uv̇ − vu̇),

u̇u,
1√
2

(u̇v + v̇u), v̇v,
1√
2

(u̇v − v̇u). (7.53)

We can make symmetric combinations under dot conjugation which lead

to:

1√
2

(uu̇+ u̇u) ,
1

2
[(uv̇ + vu̇) + (u̇v + v̇u)],

1√
2

(vv̇ + v̇v), for spin 1,

1

2
[(uv̇ − vu̇) + (u̇v − v̇u)], for spin 0, (7.54)
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and anti-symmetric combinations which lead to:

1√
2

(uu̇− u̇u) ,
1

2
[(uv̇ + vu̇)− (u̇v + v̇u)],

1√
2

(vv̇ − v̇v), for spin 1,

1

2
[(uv̇ − vu̇)− (u̇v − v̇u)], for spin 0. (7.55)

Let us rewrite the expression for the space-time four-vector given in

Eq. (5.27) as (
t+ z x− iy
x+ iy t− z

)
, (7.56)

which, under the parity operation, becomes(
t− z −x+ iy

−x− iy t+ z

)
. (7.57)

If the expression of Eq. (7.56) is for an axial vector, the parity operation

leads to (
−t+ z x− iy
x+ iy −t− z

)
, (7.58)

where only the sign of t is changed. The off-diagonal elements remain

invariant, while the diagonal elements are interchanged with sign changes.

We note here that the parity operation corresponds to dot conjugation.

Then from the expressions given in Eq. (7.54) and Eq. (7.55), it is possible

to construct the four-vector as

V =

(
uv̇ − v̇u vv̇ − v̇v
uu̇− u̇u u̇v − vu̇

)
, (7.59)

where the off-diagonal elements change their signs under the dot conjuga-

tion, while the diagonal elements are interchanged.

The axial vector can be written as

A =

(
uv̇ + v̇u vv̇ + v̇v

uu̇+ u̇u −u̇v − vu̇

)
. (7.60)

Here, the off-diagonal elements do not change their signs under dot conju-

gation and the diagonal elements become interchanged with a sign change.

This matrix thus represents an axial vector.
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7.6.2 Second-rank Tensor

There are also bilinear spinors which are both dotted or both undotted. We

are interested in two sets of three quantities satisfying the O(3) symmetry.

They should therefore transform like

(x+ iy)/
√

2, (x− iy)/
√

2, z, (7.61)

which are like

uu, vv, (uv + vu)/
√

2, (7.62)

respectively in the O(3) regime. Since the dot conjugation is the parity

operation, they are like

− u̇u̇, −v̇v̇, −(u̇v̇ + v̇u̇)/
√

2. (7.63)

In other words,

(uu)̇ = −u̇u̇, and (vv)̇ = −v̇v̇. (7.64)

We noticed a similar sign change in Eq. (7.57).

In order to construct the z component in this O(3) space, let us first

consider

fz =
1

2
[(uv + vu)− (u̇v̇ + v̇u̇)] , gz =

1

2i
[(uv + vu) + (u̇v̇ + v̇u̇)] ,

(7.65)

Here fz and gz are respectively symmetric and anti-symmetric under the

dot conjugation or the parity operation. These quantities are invariant

under the boost along the z direction. They are also invariant under ro-

tations around this axis, but they are not invariant under boost along or

rotations around the x or y axis. They are different from the scalars given

in Eq. (7.51).

Next, in order to construct the x and y components, we start with f±
and g± as

f+ =
1√
2

(uu− u̇u̇) f− =
1√
2

(vv − v̇v̇)

g+ =
1√
2i

(uu+ u̇u̇) g− =
1√
2i

(vv + v̇v̇) . (7.66)

Then

fx =
1√
2

(f+ + f−) =
1

2
[(uu+ vv)− (u̇u̇+ v̇v̇)]

fy =
1√
2i

(f+ − f−) =
1

2i
[(uu− vv)− (u̇u̇− v̇v̇)] , (7.67)
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and

gx =
1√
2

(g+ + g−) =
1

2
[(uu+ vv) + (u̇u̇+ v̇v̇)]

gy =
1√
2i

(g+ − g−) =
1

2i
[(uu− vv) + (u̇u̇− v̇v̇)] . (7.68)

Here fx and fy are symmetric under dot conjugation, while gx and gy are

anti-symmetric.

Furthermore, fz, fx, and fy of Eq. (7.65) and (7.67) transform like a

three-dimensional vector. The same can be said for gi of Eqs. (7.65) and

(7.68). Thus, they can be grouped into the second-rank tensor
0 −fz −fx −fy
fz 0 −gy gx
fx gy 0 −gz
fy −gx gz 0

 , (7.69)

whose Lorentz-transformation properties are well known. The gi compo-

nents change their signs under space inversion, while the fi components

remain invariant. They are like the electric and magnetic fields respec-

tively.

If the system is Lorentz-boosted, fi and gi can be computed from Ta-

ble 7.2. We are now interested in the symmetry of photons by taking the

massless limit. Thus we keep only the terms which become larger for larger

values of η. Thus,

fx →
1

2
(uu− v̇v̇) , fy →

1

2i
(uu+ v̇v̇) ,

gx →
1

2i
(uu+ v̇v̇) , gy → −

1

2
(uu− v̇v̇) , (7.70)

in the massless limit.

Then the tensor of Eq. (7.69) becomes
0 0 −Ex −Ey
0 0 −By Bx
Ex By 0 0

Ey −Bx 0 0

 , (7.71)

with

Ex '
1

2
(uu− v̇v̇) , Ey '

1

2i
(uu+ v̇v̇) ,

Bx =
1

2i
(uu+ v̇v̇) , By = −1

2
(uu− v̇v̇) . (7.72)
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The electric and magnetic field components are perpendicular to each

other. Furthermore,

Bx = Ey, By = −Ex. (7.73)

In order to address symmetry of photons, let us go back to Eq. (7.66).

In the massless limit,

B+ ' E+ ' uu, B− ' E− ' v̇v̇. (7.74)

The gauge transformations applicable to u and v̇ are the two-by-two ma-

trices (
1 −γ
0 1

)
, and

(
1 0

γ 1

)
, (7.75)

respectively. Both u and v̇ are invariant under gauge transformations, while

u̇ and v are not.

The B+ and E+ are for the photon spin along the z direction, while B−
and E− are for the opposite direction.

7.6.3 Higher Spins

Since Wigner’s original book of 1931 [Wigner (1931, 1959)], the rotation

group, without Lorentz transformations, has been extensively discussed in

the literature [Condon and Shortley (1979); Hamermesh (1989)]. One of

the main issues was how to construct the most general spin state from the

two-component spinors for the spin-1/2 particle.

Spin 1/2

Massive

Massless

Spin 1 Higher Spin

    Helicity

Gauge Trans.

Rotations

Fig. 7.4 Unified picture of massive and massless particles. The gauge transformation

is a Lorentz-boosted rotation matrix, and is applicable to all massless particles. It is
possible to construct higher-spin states starting from the four states of the spin-1/2

particle in the Lorentz-covariant world.
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Since there are two states for the spin-1/2 particle, four states can be

constructed from two spinors, leading to one state for the spin-0 state and

three spin-1 states. With three spinors, it is possible to construct four spin-

3/2 states and two spin-1/2 states, resulting in six states. This partition

process is much more complicated [Feynman et al. (1971); Hussar et al.

(1980)] for the case of three spinors. Yet, this partition process is possible

for all higher-spin states.

In the Lorentz-covariant world, there are four states for each spin-1/2

particle. With two spinors, we end up with sixteen (4 times 4) states,

and they are tabulated in Table 7.2. There should be 64 states for three

spinors, and 256 states for four spinors. We now know how to Lorentz-boost

those spinors. We also know that the transverse rotations become gauge

transformations in the limit of zero-mass or infinite-η. It is thus possible

to bundle all of them into the table given in Fig. 7.4.

In the relativistic regime, we are interested in photons and gravitons.

As was noted in Subsec. 7.6.1 and Subsec. 7.6.2, the observable components

are invariant under gauge transformations. They are also the terms which

become largest for large values of η.

We have seen in Subsec 7.6.2, the photon state consists of uu and v̇v̇

for those whose spins are parallel and anti-parallel to the momentum re-

spectively. Thus, for spin-2 gravitons, the states must be uuuu and v̇v̇v̇v̇

respectively.

In his effort to understand photons and gravitons, Weinberg constructed

his states for massless particles [Weinberg (1964b)], especially photons and

gravitons [Weinberg (1964c)]. He started with the conditions

N1|state >= 0, and N2|state >= 0, (7.76)

where N1 and N2 are defined in Eq. (5.39). Since they are now known as the

generators of gauge transformations, Weinberg’s states are gauge-invariant

states. Thus, uu and v̇v̇ are Weinberg’s states for photons, and uuuu are

v̇v̇v̇v̇ are Weinberg’s states for gravitons.
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Chapter 8

Lorentz-covariant Harmonic
Oscillators

Einstein and Bohr met occasionally, before and after 1927, to discuss

physics. Einstein was interested in how things look to moving observers,

while Bohr was interested in why the energy levels of the hydrogen atom

are discrete. Then they must have talked about how the electron orbit of

the hydrogen atom looks to a moving observer. There does not seem to be

written records to indicate how they sketched the orbits.

However, it is not uncommon to see in the literature the description

of the Lorentz deformation as described in Fig. 8.1. This figure became

outdated in 1927. The electron orbit is now a standing wave. Thus, the

question is how the standing wave appears when it is boosted along a given

direction.

Longitudinal Axis

contracted to

Fig. 8.1 Classical picture of Lorentz contraction of the electron orbit in the hydrogen
atom. It is expected that the longitudinal component becomes contracted while the

transverse components are not affected. In the first edition of his book published in

1987, 60 years after 1927, John S. Bell included this picture of the orbit viewed by a
moving observer [Bell (2004)]. While talking about quantum mechanics in his book,

Bell overlooked the fact that the electron orbit in the hydrogen atom had been replaced
by a standing wave in 1927. The question then is how standing waves look to moving

observers.

103
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As is indicated in Fig. 8.1, the longitudinal component is affected while

the transverse components remain unchanged. With this point in mind,

we shall study harmonic oscillators. Since the wave equation for the three-

dimensional oscillator is separable in the Cartesian coordinate system, it is

sufficient to study the effect of the Lorentz boost only for the longitudinal

component of the wave function.

8.1 Introduction

While Einstein’s special relativity was and still is a powerful theory, Einstein

did not like the probabilistic interpretation of wave functions. He had good

reasons, and those reasons are well known. However, there is one important

reason not mentioned often in the literature. Is the concept of probability

consistent with Einstein’s Lorentz covariance?

According to his note on Einstein written in 1974, Heisenberg confessed

that he could not accept Einstein’s simultaneity even though he liked the

mathematics of the Lorentz group. Heisenberg was saying that the con-

cept of simultaneous measurement is not consistent with Einstein’s Lorentz

covariance.

Paul A. M. Dirac was more specific. In 1927 [Dirac (1927)], he studied

the uncertainty relation between the time and energy variables and con-

cluded that it does not allow quantum excitations along these variables.

Thus, space and time cannot be linearly combined as in special relativity.

In 1949 [Dirac (1949)], Dirac listed three possible ways to construct rel-

ativistic quantum mechanics, and pointed out the difficulties in all these

approaches.

In 1971, Feynman with his students published a paper [Feynman et al.

(1971)] in which they wrote down a Lorentz-invariant differential equa-

tion for an object consisting of two quarks (fundamental particles) bound

together by a harmonic oscillator force. However, they ended up with os-

cillator wave functions not normalizable in the time separation variable.

Their wave functions are not acceptable in quantum mechanics.

In this Chapter, we translate Dirac’s efforts and Feynman’s efforts into

the language of Wigner’s little group for massive particles and construct

Lorentz-covariant harmonic oscillators carrying a Lorentz covariant proba-

bility interpretation.

In Sec. 8.2, it is noted that Dirac wrote three important papers to

address the problems of combining quantum mechanics with relativity, and

that these papers can be synthesized to produce a wave function that can be
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Lorentz-boosted. In Sec. 8.3, we start with the Lorentz-invariant differential

equation for two particles bound together by a harmonic oscillator force.

This equation allows us to separate the internal coordinates for a standing

wave and the external coordinate for a running wave.

In Sec. 8.4, we note that Wigner’s little group is applicable to the inter-

nal coordinates, and then construct a representation based on the harmonic

oscillator wave functions. In Sec. 8.5 and Sec. 8.6, we study transformation

properties and Lorentz contractions of oscillator wave functions, respec-

tively.

In Sec. 8.7, it is shown that the covariant oscillator formalism shares

the same set of physical principles as Feynman diagrams. In Sec. 8.8, the

role of the covariant oscillators is discussed for the quantum field theory of

extended particles.

8.2 Dirac’s Approach to Lorentz-covariant Wave Functions

Paul A. M. Dirac spent many years trying to construct a quantum mechan-

ics consistent with special relativity. Dirac published the following three

important papers for this purpose.

1. In 1927 [Dirac (1927)], Dirac considered the uncertainty between

the time and energy variables, and noted that there are no excita-

tions along these coordinates. Thus, he concluded that the time-

energy uncertainty relation is a c-number relation. He pointed out

the problem with the Heisenberg uncertainty relation defined only

for position and momentum. What happens when the time and

space variables are linearly mixed under the Lorentz boost?

2. In 1945 [Dirac (1945b)], Dirac wrote down the Gaussian form

exp

[
−1

2

(
x2 + y2 + z2 + t2

)]
, (8.1)

and said this could be the starting point for building harmonic

oscillator wave functions that can be Lorentz-boosted. However, he

did not explain why the exponent was not in the Lorentz-invariant

form of
(
x2 + y2 + z2 − t2

)
. Furthermore, he did not explain why

the wave function has to vanish for remote past and remote future

with large values of |t|.

3. In 1949 [Dirac (1949)], Dirac mentions three possible ways of mak-

ing quantum mechanics compatible with relativity, but he ends up
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with mentioning the difficulties.

However, there are soft spots in Dirac’s papers.

1. Dirac does did not use the results he obtained in his earlier papers.

In his 1945 paper on harmonic oscillators, he forgot what he said in

his 1927 paper where the time variable should be treated differently.

2. In his 1945 paper, Dirac should have noted the difference between

time and the time difference. For instance, the ages of son and

father are increased at the same rate. However, their age difference

does not change over the time. The Bohr radius is the spatial

separation between the proton and electron. Likewise, the time

variable in his Gaussian form should be a sign difference.

3. In his 1949 paper, he introduced his light cone coordinate system

for Lorentz boosts. In this system, the Lorentz boost is carried out

by a diagonal matrix. However, he never attempted to Lorentz-

boost the Gaussian form he introduced in his earlier paper of 1945.

4. Again in his 1949 paper, Dirac shows that the extension of Heisen-

berg’s uncertainty relations leads to the Lie algebra of the Poincaré

group or inhomogeneous Lorentz group. He was aware of Wigner’s

1939 paper on this subject [Wigner (1939)]. However, he did not

make any attempts to exploit the contents of this paper with his

earlier works, namely the space-time asymmetry he noted in his

1927 paper [Dirac (1927)] and the oscillator wave function he wrote

down in 1945 [Dirac (1945b)].

5. Dirac’s papers are like poems, but they do not contain figures or

diagrams, as was pointed out in Table 1.1.

In this Chapter, we remove these soft spots using the language of

Wigner’s little groups. As in Fig. 8.2, we combine Dirac’s 1927 and 1945 pa-

pers into a circle. This figure also gives an illustration of the Lorentz boost

in his light-cone coordinate system which Dirac introduced in 1945. During

the boost, t2 − z2 remains constant, but this quantity can be also be writ-

ten as (t+ z)(t− z). Thus it is an area-preserving squeeze transformation.

Indeed, according to Dirac, the Lorentz boost is a squeeze transformation.
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t

z

z

z

t

t

    Dirac 1927,1945

      Heisenberg 

      Uncertainty

Quantum Mechanics Lorentz Covariance

It is not difficult to 

combine the above 

figures to construct 

this squeezed ellipse.

c-number 

time-energy

  uncetainty

Dirac 1949

Fig. 8.2 Dirac’s Lorentz-boosted oscillator wave function. His c-number time-energy
uncertainty relation [Dirac (1927)] and his oscillator wave function [Dirac (1945b)] can be

combined into a circle. His light-cone coordinate system [Dirac (1949)] can be illustrated

as a squeeze of the square into a rectangle. This is the point of this chapter.

8.3 Running Waves and Standing Waves

We are quite familiar with the Klein-Gorden equation[
−
(
∂

∂x

)2

+m2

]
φ(x) = 0, (8.2)

where (
∂

∂x

)2

=

(
∂

∂x

)2

+

(
∂

∂y

)2

+

(
∂

∂z

)2

−
(
∂

∂t

)2

(8.3)

for a single particle, where x is a four vector and thus

x2 = x2 + y2 + z2 − t2. (8.4)

The x, y and z on the right-hand side of this equation are coordinate vari-

ables.

For two particles with masses ma and mb, the equation becomes[
−
(

∂

∂xa

)2

−
(

∂

∂xb

)2

+m2
a +m2

b

]
φ (xa)φ (xb) = 0, (8.5)
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where xa and xb are their space-time four vectors. The physics of this

system for two free particles is also well known.

The question is what happens when
(
m2
a +m2

b

)
is replaced by a term

containing (xa − xb)2. Indeed, in 1971, Feynman, Kislinger, and Ravndal

wrote down the equation [Feynman et al. (1971)]{
−2

[(
∂

∂xa

)2

+

(
∂

∂xb

)2
]

+
1

16
(xa − xb)2 +m2

0

}
φ (xa, xb) = 0, (8.6)

for the bound state called the hadron consisting of two constituent particles

called quarks bound together in a harmonic oscillator potential.

Let us introduce the coordinates

X =
xa + xb

2
, and x =

xa − xb
2
√

2
. (8.7)

The X coordinate is for the space-time specification of the hadron, while the

x variable measures the relative space-time separation between the quarks.

In terms of these variables, Eq. (8.6) can be written as{
−
(

∂

∂X

)2

+m2
0 −

1

2

[(
∂

∂x

)2

+ x2

]}
φ (X,x) = 0. (8.8)

This equation is separable in the X and x variables, and can be separated

by using the equation:

φ (X,x) = f (X)ψ(x), (8.9)

where f(X) and ψ(x) satisfy the following differential equations respec-

tively: {
−
(

∂

∂X

)2

+m2
0 + (λ+ 1)

}
f(X) = 0, (8.10)

and

1

2

[(
− ∂

∂x

)2

+ x2

]
ψ(x) = (λ+ 1)ψ(x). (8.11)

The differential equation of Eq. (8.10) is a Klein-Gordon equation, and its

solution are well known. It takes the form

f(X) = exp (±ip ·X) (8.12)

with

− p2 = m2
0 + (λ+ 1), (8.13)
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where p is the four-momentum of the hadron. −p2 is, of course, the (mass)2

of the hadron and is numerically constrained to take the values allowed by

Eq. (8.13). The separation constant λ is determined from the solutions of

the harmonic oscillator equation of Eq. (8.11).

Indeed, the wave function of Eq. (8.9) is for the hadron moving with

the four-momentum pµ with the internal structure dictated by the oscillator

equation, as is described in Fig. 8.3. Wigner’s little group is applicable to

the internal space-time symmetry dictated by the oscillator equation of

Eq. (8.11) [Kim et al. (1979a); Kim and Noz (1986)].

Running Waves

Standing

 Waves

Running Waves

Feynman Diagrams

Feynman Diagrams

 Harmonic

Oscillators

Fig. 8.3 Feynman’s suggestion for combining quantum mechanics with special relativity.

Feynman diagrams work for running waves, and they provide a satisfactory interpretation

of scattering states in the Lorentz-covariant world. For standing waves trapped inside
a bound state, Feynman [Feynman et al. (1971)] suggested harmonic oscillators as the

first step.

The space-time transformation of the total wave function of Eq. (8.9)

is generated by the following ten generators of the Poincaré group. The

operators

Pµ = −i ∂

∂Xµ
(8.14)

generate space-time translations. Lorentz transformations, which include

boosts and rotations, are generated by

Mµν = L∗µν + Lµν (8.15)
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where

L∗µν = −i
(
Xµ

∂

∂Xν
−Xν

∂

∂Xµ

)
,

Lµν = −i
(
xµ

∂

∂xν
− xν

∂

∂xµ

)
.

The translation operators Pµ, act only on the hadronic coordinate, and

do not affect the internal coordinate. The operators L∗µν and Lµν Lorentz-

transform the hadronic and internal coordinates respectively. The above ten

generators satisfy the commutation relations for the Poincaré group [Dirac

(1949)].

In order to consider irreducible representations of the Poincaré group,

we have to construct wave functions which are diagonal in the invariant

Casimir operators of the group, which commute with all the generators of

Eqs. (8.14) and (8.15). The Casimir operators in this case are

PµPµ, and WµWµ, (8.16)

where

Wµ = εµναβP
νMαβ (8.17)

The eigenvalues of the above −P 2 and −W 2 represent respectively the mass

and spin of the hadron.

The algebra of these generators becomes much simpler when the

hadronic momentum is constant, as in the case of Wigner’s little group.

While translation generators can be dropped from the algebra, the opera-

tor P ν can be replaced by the four-vector

p = (0, 0, p, E) (8.18)

for the hadron momentum moving in the z direction. As a consequence the

eigenvalues of the Casimir operators become m2 = (mass)2 and m2`(`+1),

where ` is the total angular momentum of oscillator. These eigenvalues are

invariant under Poincaré or Lorentz transformations.

8.4 Little Groups for Relativistic Extended Particles

The harmonic oscillator equation of Eq. (8.11) is invariant under Lorentz

transformations. For instance, if the system is boosted along the z direction:(
z′

t′

)
=

(
cosh η sinh η

sinh η cosh η

)(
z

t

)
, (8.19)
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the differential equation takes the same form in the new coordinate vari-

ables. Thus, the solution also takes the previous form. With this point

in mind, we can now study the solution of the differential equation in the

Lorentz frame where the hadron is at rest. Let us spell out the oscillator

equation.

1

2

{[
x2 + y2 + z2 −

(
∂

∂x

)2

−
(
∂

∂y

)2

−
(
∂

∂z

)2
]

−

[
t2 −

(
∂

∂t

)2
]}

ψ(x) = (λ+ 1)ψ(x). (8.20)

According to Dirac’s c-number time-energy uncertainty relation, the time

component of the solution should be always in the ground state, and thus

the solution takes the form

ψ(x) = ϕ(x, y, z)

[(
1

π

)1/4

e−t
2/2

]
, (8.21)

with

1

2

[
x2 + y2 + z2 −

(
∂

∂x

)2

−
(
∂

∂y

)2

−
(
∂

∂z

)2
]
ϕ(z, x, y)

=

(
λ+

3

2

)
ϕ(z, x, y). (8.22)

This equation is very familiar to us from textbooks. However, the equation

carried the following additional interpretations.

1. The Cartesian variables z, x, and y are internal coordinate variables

for the hadron.

2. This equation is separable in both the spherical and Cartesian co-

ordinate system. For the discussion of the Poincaré symmetry, we

need the spherical coordinate system to construct the representa-

tion diagonal in the Casimir operators where the eigenvalue ` is

needed.

3. When the system is boosted along the z direction, the transverse

x and y are not affected, and they can be separated out from the

differential equation of Eq. (8.20).

4. The spherical solutions can be written in terms of the linear com-

binations of the Cartesian solutions.
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The solution in the spherical coordinate system should take the form

ϕ(r, θ, φ) = Rn`m(r)Y`m(θ, φ), (8.23)

where Y`m(θ, φ) are the spherical harmonics. The radial function Rn`m(r)

is well defined, but its explicit form is not readily available in the literature.

It should take the form

Rn`m(r) = rmgn`(r)e
−r2/2, (8.24)

with

gn` =
∑
k

a2kr
2k, (8.25)

where

a2k+2

a2k
=

2(λ− `− 2k)

`(`+ 1)− (`+ 2k + 3)(`+ 2k + 2)
. (8.26)

For large values of k, this ratio becomes 1/k, which is like the expansion of

the exponential exp
(
r2
)

leading the radial function of Eq. (8.24) to increase

as exp
(
r2/2

)
. Thus the series has to be truncated with

λ = 2k + `. (8.27)

The first term a0 in the series is determined by the normalization condition∫ ∞
0

[rRn`m(r)]
2
dr = 1. (8.28)

The increases in ` and n are called the orbital and radial excitations in the

literature.

If the system is Lorentz-boosted along the z direction according to

Eq. (8.19), the Lorentz-invariant differential equation of Eq. (8.11) remains

invariant. The z and t variables in Eq. (8.20) become z′ and t′ respectively,

and the wave function becomes modified accordingly. The important point

is that the eigenvalue λ remains invariant.

8.5 Transformation Properties of the Covariant Oscillator

Wave Functions

We are now interested in what happens to the oscillator wave functions

when they are Lorentz-boosted. Since the x and y coordinates are not

affected, we drop their terms from the differential equation from Eq. (8.11),

and consider the equation

1

2

{[
z2 −

(
∂

∂z

)2
]
−

[
t2 −

(
∂

∂t

)2
]}

ψ(z, t) = λψ(z, t). (8.29)
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The solution of this equation should take the form

ψn0 (z, t) = χn(z)χ0(t) =

[
1

π2nn!

]1/2
Hn(z) exp

[
−1

2

(
z2 + t2

)]
, (8.30)

where Hn(z) is the Hermite polynomial of order n, and χn(z) is the oscil-

lator wave function in the nth excited state:

χn(z) =

[
1√
π2nn!

]1/2
Hn(z) exp

(
−1

2
z2
)
. (8.31)

The differential equation of Eq. (8.29) is invariant under the Lorentz

boost along the z direction, and is invariant under the replacements of z

and t by z′ and t′ respectively, where(
z′

t′

)
=

(
cosh η − sinh η

− sinh η cosh η

)(
z

t

)
. (8.32)

This is the inverse of the transformation given in Eq. (8.19). This difference

is of course the way in which the arguments of the function and coordinates

are transformed in the opposite directions.

We thus achieve the Lorentz boost of the wave function by writing

ψnη (z, t) = ψn0 (z′, t′) =

[
1

π2nn!

]1/2
Hn(z′) exp

[
−1

2

(
z′2 + t′2

)]
. (8.33)

For n = 0, the wave function in the Gaussian form is

ψ0
η(z, t) =

(
1

π

)1/2

exp

{
−1

4

[
e−2η(z + t)2 + e2η(z − t)2

]}
. (8.34)

This Gaussian form corresponds to the circle and ellipse in Fig. 8.2, and

illustrates how the wave function is deformed when Lorentz-boosted.

We are now interested in writing ψnη (z, t) of Eq. (8.33) as a series ex-

pansion in χk(z) and χk(t):

ψnη (z, t) =
∑
k′,k

Ak′,kχk′(z)χk(t). (8.35)

We then have to evaluate the coefficient Ak′,k.

First of all, we can write the differential equation of Eq. (8.29) as

1

2

{(
z2 − ∂2

∂z2

)
−
(
t2 − ∂2

∂t2

)}
χk′(z)χk(t) = (k′−k)χn(z)χm(t). (8.36)

Since this equation is Lorentz-invariant, (k′ − k) is Lorentz-invariant, and

k′ − k = n. Hence the series takes the form

ψnη (z, t) =
∑
k

Ak(n)χk+n(z)χk(t). (8.37)
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This is a sum over a single index k, with∑
k

|Ak(n)|2 = 1. (8.38)

This coefficient is

Ak(n) =

∫
χk+n(z)χk(t)χn(z′)χ0(t′) dz dt. (8.39)

In order to carry out this calculation, let us use the generating function

of the Hermite polynomials [Magnus et al. (1966)]:

G(r, z) = exp
(
−r2 + 2rz

)
=
∑
m

rm

m!
Hm(z), (8.40)

and evaluate the integral

I =

∫
G(r, x)G(s, y)G(r′, x′) exp

{
−
(
x2 + y2 + x′2 + y′2

2

)}
dx dy.

(8.41)

The integrand becomes one exponential function, and its exponent is

quadratic in x and y. This quadratic form can be diagonalized, and the

integral can be evaluated [Kim et al. (1979b); Başkal et al. (2016)]. The

result is

I =

[
π

cosh η

]
exp (2rs tanh η) exp

(
2rr′

cosh η

)
. (8.42)

We can now Taylor-expand this expression and choose the coefficients of

rn+k, sk, r′n for H(n+k)(z), Hk(t), and Hn(z′) respectively. The result is

An;k =

(
1

cosh η

)(n+1) [
(n+ k)!

n!k!

]1/2
(tanh η)k. (8.43)

Thus, the series becomes

χn(z′)χ0(t′) =

(
1

cosh η

)(n+1)∑
k

[
(n+ k)!

n!k!

]1/2
(tanh η)kχk+n(z)χk(t).

(8.44)

The result is

ψnη (z, t) =

(
1

cosh η

)(n+1)∑
k

[
(n+ k)!

n!k!

]1/2
(tanh η)kχn+k(z)χk(t),

(8.45)

where χn(z) is the nth excited state oscillator wave function which takes

the familiar form

χn(z) =

[
1√
π2nn!

]1/2
Hn(z) exp

(
−z

2

2

)
. (8.46)

If n = 0, this formula becomes simplified to

ψ0
η(z, t) =

(
1

cosh η

)1/2∑
k

(tanh η)kχk(z)χk(t). (8.47)
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8.6 Lorentz Contraction of Harmonic Oscillators

Let us now consider the overlap of the wave function ψnη (z, t) with that

with η = 0, as indicated in Fig. 8.4. We are interested in the integral∫ (
ψn

′

η (z, t)
)∗
ψn0 (z, t) dz dt, (8.48)

where ψn0 (z, t), given in Eq. (8.30), can be written as

ψn0 = χn(z)χ0(t). (8.49)

Fig. 8.4 Two overlapping wave functions. The circle is for the hadron at rest. If the

hadron moves, the circle becomes squeezed into an ellipse. The wave functions moving

in opposite directions are also shown. The ellipse is for β = ±0.8 [Kim and Noz (1986)].
The area of overlaps corresponds to their inner product.

Then the evaluation of this integral is straight-forward from Eq. (8.36),

and the result is [Ruiz (1974)](
ψn

′

η , ψ
n
0

)
=

(
1

cosh η

)(n+1)

δnn′ . (8.50)

This means that the orthogonality relation is preserved between two wave

functions in two different frames.

If n = n′, the inner product between two wave functions leads to the

contraction given on the right hand side of Eq. (8.50). In terms of the

velocity parameter β = v/c, where v is the hadronic velocity,

1

cosh η
=
√

1− β2. (8.51)
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This expression is more familiar to us, and the right-hand side of Eq. (8.50)

is (√
1− β2

)(n+1)

. (8.52)

For the ground-state wave function with n = 0, it is like the Lorentz

contraction of a rigid body. For the first excited state, it is like an additional

rod. This is not surprising in view of the fact that the excited states are

obtained through application of the step-up operator. The nth excited state

|n > can be written as

1√
n!

(
a†
)n |0 > . (8.53)

The additional contraction factor
√

1− β2 comes from the step-up opera-

tor.

If the value of η in one of the wave functions is replaced by the nonzero

value η′, cosh η in Eq. (8.52) should become cosh(η − η′). Of particular

interest is the case with η′ = −η, as shown in Fig.(8.4). In this case, this

is an overlap of two wave functions moving in the opposite directions, and

the contraction factor is (
1

cosh(2η)

)(n+1)

, (8.54)

which, in the language of β, becomes(
1− β2

1 + β2

)(n+1)

. (8.55)

Based on these orthogonality and contraction properties, it appears pos-

sible to give a quantum probability interpretation to the covariant harmonic

oscillator in the Lorentz-covariant world as shown in Fig.(8.5).

On the other hand, these wave functions contain the time separation

variable between the constituent particles. What is the meaning of the

distribution in terms of this variable, which is thoroughly hidden in the

present form of quantum mechanics? In order to clarify this issue, let us

examine the concept of Feynman’s rest of the universe in Chapter 10.

8.7 Physical Principles in Quantum Field Theory and in

Covariant Oscillator Formalism

The formalism of Lorentz-covariant harmonic oscillators is shown to be

consistent with quantum mechanics and special relativity. However, this
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Fig. 8.5 Orthogonality relations for covariant oscillator wave functions. The harmonic

oscillator can be excited and can also be Lorentz boosted. The orthogonality rela-
tions remain invariant under Lorentz boosts, and their inner products have the Lorentz-

contraction property given in this figure [Ruiz (1974); Kim and Noz (1986)].

formalism is applicable only to localized standing waves for hadrons. How

about scattering states? The present form of quantum field theory provides

a satisfactory answer to this problem. The tools for scattering problems

are called Feynman diagrams. In Feynman diagrams, all the particles are

free in remote past and remote future.

Thus, Feynman diagrams are not applicable to bound states but the

study of harmonic oscillators could bring more fruitful results. Indeed, it

was Feynman who said this in his invited talk at the April meeting of the

American Physical Society held in 1970. This meeting took place at the

Shoreham Hotel in Washington, DC, USA. Feynman published this talk

with his students in 1971 [Feynman et al. (1971)]. Indeed, it was Feynman

who encouraged the authors of this book to study harmonic oscillators that

can be Lorentz-boosted. They published their first paper in 1973 [Kim and

Noz (1973)].

The physics of Feynman diagrams are well known. The question is

whether the covariant harmonic oscillators share the same set of rules with

Feynman diagrams [Han et al. (1981)]. In this Chapter, we have synthesized

three of Dirac’s papers to construct the covariant harmonic oscillators. The

table in Fig. 8.6 tells us where this formalism stands in the history of

physics. According to this figure, theories for scattering states and bound
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states were developed separately in the history of physics. It took major

revolutionary steps to unify both theories into one. As is specified in the

table, quantum field theory primarily deals scattering problems, while the

oscillators are for bound state problems.

Fig. 8.6 Scattering and bound states. Feynman is responsible for developing Feynman

diagrams. By synthesizing Dirac’s three papers, it is possible to obtain the covariant

harmonic oscillator formalism. The question is how to construct one theory combining
both.

Indeed, Feynman diagrams tell us about the real world, especially in

quantum electrodynamics with spectacular numerical agreements with the

experimental values. As will be seen in Chapter 9, the covariant harmonic

oscillators give answers to the basic phenomena in high-energy physics. It

would indeed be a revolution if there is one theory which will produce both

Feynman diagrams and covariant oscillations.

We are not able to produce this unified theory. However, this does

not prevent us from questioning whether Feynman diagrams and covariant

oscillators share the same set of physical principles [Han et al. (1981)].

Question 1. Can we construct a field theory of extended hadrons where the

standard Feynman rules are applicable to hadrons with free-particle

asymptotic states, while the oscillator-like formalism is used to

describe the internal motion of confined quarks?

Question 2. Although quantum field theory and the covariant harmonic oscilla-

tor formalism take different mathematical forms, it is possible that
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they are based on the same physical principles. If so, what are the

physical principles underneath these two different-looking theories?

As for the first question, there are already several approaches based on

this idea [Sogami (1973); Kim (1976); Karr (1976); Capri and Chiang (1976,

1977)]. The purpose of this section is to discuss the second question. For

this purpose, we note first that both formalisms are covariant under Lorentz

transformations. While the Feynman propagator and the wave function

are the primary mathematical devices in field theory and the oscillator

formalism, respectively, both quantities contain time-energy uncertainty in

addition to Heisenberg’s position-momentum uncertainty relation. We note

further that both formalisms start with relativistic wave equations with

negative energy spectra, and that both have their own respective ways of

taking care of them. We shall discuss these points more systematically in

the following subsections.

8.7.1 Physical Principles in Quantum Field Theory

Quantum field theory starts with the physical principles applicable to non-

relativistic quantum mechanics including of course Heisenberg’s position-

momentum uncertainty relation. The question is then what additional

physical principles are used in this theory.

First of all, field theory equations are relativistic. Thus, Lorentz co-

variance is one of the basic additional ingredients. Next, let us look into

the question of causality. The present form of field theory starts with the

causal commutator

[φ(x), φ(x′)] = i∆(x− x′) (8.56)

where φ(x) is the field operator satisfying the Klein-Gordon equation. x is

a space-time four vector.

This commutation relation corresponds to Heisenberg’s uncertainty re-

lation when x = x′. The causal Green’s function ∆(x−x′) vanishes outside

the light cone where

(t− t′)2 < (x− x′)2 − (y − y′)2 − (z − z′)2 (8.57)

This means that the signal connecting two space-time points cannot prop-

agate faster than light. In carrying out field theory calculations, however,

we use more often the Feynman propagation function whose mathematical

form is

∆D(x− x′) =

(
1

2π

)4 ∫
exp (−ik · (x− x′)]

k2 −m2 + iε
d4k. (8.58)
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This function does not vanish outside the light cone. The reason for this

is that the particle is no longer on the mass shell, and this unobservable

particle does not respect causality. We are then naturally led to ask what

additional physical laws are needed to explain this causality violation.

The derivation of the Feynman propagation function requires time and

normal orderings which require trading ground-state energies with vacuum.

In order to see the basic physics involved in this procedure more clearly,

we now resort to the so-called old-fashioned field theory. Since all the basic

physical concepts in the present covariant form of quantum field theory are

contained in the old-fashioned field theory, it is not uncommon to refer to

this earlier formalism in order to find explanations for what we do in the

modern version of field theory [Weinberg (1966)].

For the purpose of finding the physical principles which led to the mi-

croscopic violation of causality and to the concept of virtual off-mass-shell

particles, let us look at Chapter IV, Section 14 of Heitler’s book [Heitler

(1984)]. The old-fashioned derivation of the Klein-Nishina formula is based

on second-order time-dependent perturbation theory involving two inte-

grations over the time variable. The second time integration is done cor-

rectly from the interval 0 to t. However, the first time integration contains

a causality violation for the period allowed by the c-number time-energy

uncertainty relation [Dirac (1927)]. This introduction of time-energy un-

certainty leads to the concept of virtual particles.

In the modern version of quantum field theory, the time-energy uncer-

tainty manifests itself in the off-mass-shell particles contained in Feynman

propagators. Although there is no precise definition of bound-state con-

ditions in field theory, it is by now a widely accepted view that particles

in bound states, which are affected by interactions, are not on their mass

shells. In the following subsection, we shall see how this appears in the

covariant harmonic oscillator model which deals only with quarks perma-

nently bound inside a relativistic hadron.

8.7.2 Physical Principles in the Covariant Oscillator For-

malism

The purpose of this subsection is to demonstrate that the covariant har-

monic oscillator formalism employs the same physical principles as in quan-

tum field theory, namely the Lorentz covariance and the c-number time-

energy uncertainty, in addition to Heisenberg’s position-momentum uncer-

tainty relation.
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First, the concept of c-number time-energy uncertainty relation is one

of the basic additional ingredients in the covariant oscillator formalism. For

a hadron at rest consisting of two quarks bound together by a harmonic

oscillator potential of unit strength, the ground-state wave function takes

the Gaussian form

ψ(z, t) =
1√
π

exp

[
−
(
z2 + t2

2

)]
, (8.59)

where z and t are the longitudinal and time-like coordinate separations

between the quarks. The existence of the ground-state wave function in the

time separation variable t (without excitations) is consistent with Dirac’s

c-number time-energy uncertainty relation.

Second, the oscillator formalism, as in the case of quantum field theory,

violates microscopic causality. The wave function given in Eq. (8.59) does

not vanish for the space-like separation:

t2 < z2. (8.60)

This causality violation is not unlike that needed in the old-fashioned

derivation of the Klein-Nishina formula in second-order time-dependent

perturbation theory [Heitler (1984)].

Let us start with the Klein-Gordon equation of Eq. (8.2) for two free

quarks, whose space-time coordinates are xa and xb respectively. The

wave function is separable in these coordinate variables. Then Feyn-

man et al. [Feynman et al. (1971)] coupled them with an oscillator potential

with the differential equation of Eq. (8.6). This function is not separable

in the xa and xb variables.

However, it was possible to introduce the X and x variables as in

Eq. (8.7). Then the differential equation becomes separable in these vari-

ables. The equation for the X variable is the Klein Gordon equation for

the hadron with the momentum energy four-vector for a free particle.

The x variable is for the space-time separation for the two quarks. Dur-

ing this separation process, the mass terms m2
a and m2

b become absorbed

into the separation constant. This means that
(
m2
a +m2

b

)
is constant, but

the m2
a or m2

b is no longer separately constant [Han and Kim (1980)]. The

mass of the quark inside the hadron is not on its mass shell [Han et al.

(1981)].
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8.8 Further Field Theoretic Concepts in the Covariant Os-

cillator Formalism

It is important to note that the Klein-Gordon equation of Eq. (8.10) and

its solution f(X) given in Eq. (8.12) are also important elements of the

covariant harmonic oscillator formalism, as illustrated in Fig. 8.3.

It is possible to second quantize this Klein-Gordon wave and construct a

field theory, scattering matrices, and Feynman diagrams for hadrons, while

the harmonic oscillator wave functions describe the internal structure of the

hadron. Indeed, many authors attempted to construct the field theory of

hadrons with the oscillator wave functions [Kim (1976); Karr (1976); Capri

and Chiang (1976, 1977)]. This line of research is a nonlocal or bilocal field

theory [Sogami (1973); Mita (1978)].

When these papers were published, it was not known that the covariant

harmonic oscillator formalism can serve as a representation of Wigner’s lit-

tle group dictating the internal space-time symmetry of a localized particle.

Unknown also was that the Dirac spinors serve as the representation space

for Wigner’s little group. With these new tools, it is worthwhile to study

those earlier papers on quantum field theory and Feynman diagrams for

extended particles.
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Chapter 9

Quarks and Partons

In Chapter 8, we constructed a set of harmonic oscillator wave functions

that can be Lorentz-boosted. With this mathematical tool, we can study

the main issue raised in Chapter 1 and again in Chapter 8. The main issue

is what Einstein and Bohr forgot to address: how would the hydrogen atom

look to a moving observer or how the hydrogen atom looks when it moves

with a speed comparable with that of light. The purpose of this Chapter

is to provide a quantitative approach to this problem.

9.1 Introduction

We still do not have hydrogen atoms moving with relativistic speed. How-

ever, it is possible to study moving protons with speed close to that of light.

Like the hydrogen atom, the proton is a bound state of more fundamental

particles based on the same principles of quantum mechanics [Gell-Mann

(1964)].

The proton is not a point particle. Like a hydrogen atom, it has a

localized probability distribution. The question is how the distribution

appears to moving observers. Indeed, thanks to the development of high-

energy physics of the past century, the effects of these deformations have

been measured, and many experimental plots are available in terms of the

proton speed [Hofstadter (1956)].

Another question is what would happen to the probability distribution

when the proton speed becomes very close to that of light. For this case,

Feynman observed that the same proton looks like a collection of an infinite

number of partons [Feynman (1969a,b)]. Can the oscillator wave function

answer this question?

In Sec. 9.2, it is noted that there has been an evolution of the way in

123



February 13, 2018 16:40 ws-book9x6 New Perspectives on Einstein’s E = mc2 wsbook page 124

124 New Perspectives on Einstein’s E = mc2

which we look at the bound state in quantum mechanics, namely from the

Bohr atom to the proton in the quark model. In Sec. 9.3, we introduce the

quark model.

In Sec. 9.4, using the covariant harmonic wave functions, we show that

the covariant harmonic oscillator wave function can explain all the peculiar-

ities of Feynman’s parton picture. We thus show that Gell-Mann’s quark

model and Feynman’s parton model are two limiting cases of one Lorentz-

covariant entity. In Sec. 9.5, we compare our calculation based on the

oscillator wave function with the experimental data.

In Sec. 9.6, it is noted that the probability distribution manifests itself

in electron-proton scattering. It also shows the relativistic effects when

the momentum transfer becomes large during the scattering process. We

study this relativistic effect using the covariant oscillator wave function

introduced in Chapter 8. Finally, in Sec. 9.7, we study this relativistic

effect using momentum wave functions.

Gell-Mann: bound state of three quarks

Proton

  H atom

Evolution of the Hydrogen Atom

can be acclerated!

 Bohr: bound state of proton and electron

can not be acclerated.

 share the same quantum 

mechanics of bound states.

Fig. 9.1 Evolution of the hydrogen atom. The electron orbit was replaced by a standing

wave, but the hydrogen atom cannot be accelerated. In 1964, the proton as a bound
state inherited the quantum mechanics of the hydrogen atom [Gell-Mann (1964)]. The

proton these days can move with a speed very close to that of light and exhibits the
properties of quantum bound states in the Lorentz-covariant world.
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9.2 Evolution of the Hydrogen Atom

Since the time of Einstein and Bohr, there has been an evolution of the way

in which we look at quantum bound states, as illustrated in Fig. 9.1. The

evolution took place in the following three steps.

1. The energy levels of the hydrogen atom played the pivotal role by

replacing the electron orbit of the hydrogen atom with a standing

wave, leading to bound states in quantum mechanics. However, the

hydrogen atom cannot play a role in the Lorentz covariant world

since it cannot be accelerated to a relativistic speed.

2. 1964, the proton became a bound state of the more fundamen-

tal constituents called quarks [Gell-Mann (1964)]. Of course, the

proton is different from the hydrogen atom, but inherits the same

quantum mechanics from the hydrogen atom. Unlike the hydrogen

atom, the proton can be accelerated, and its speed can become very

close to that of light. Thus, it is possible to study the quantum

mechanics of the hydrogen atom or bound states in the Lorentz-

covariant world by studying the proton in the quark model. Fig. 9.1

illustrates this transition.

3. In 1969, Feynman observed that the proton, when it moves with a

velocity close to that of light, appears like a collection of partons

with a wide-spread momentum distribution [Feynman (1969a,b)].

Partons are like free particles. Quarks and partons are the same

particles but they appear differently to observers in two different

reference frames. Therefore, there must be a Lorentz-covariant

model for quantum bound states, as illustrated in Fig. 9.2.

At the time of Einstein and Bohr, both the proton and electron were

regarded as point particles. However, the discovery of Hofstadter and McAl-

lister changed our picture of the proton [Hofstadter and McAllister (1955)].

The proton charge has an internal distribution. Within the framework of

quantum electrodynamics, it is possible to calculate the Rutherford formula

for electron-proton scattering when both electron and proton are point par-

ticles. Because the proton is not a point particle, there is a deviation from

the Rutherford formula. We describe this deviation as the proton form

factor which depends on the momentum transfer during electron-proton

scattering.
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Fig. 9.2 Two distinct ways in which the proton appears in the real world. If the

proton is at rest, it appears as a bound state of three quarks [Gell-Mann (1964)]. If

it moves with a speed close to that of light, it appears like a collection of an infinite
number of partons [Feynman (1969a,b); Bjorken and Paschos (1969)]. Then the question

is whether quarks and partons are two different manifestations of the same Lorentz-
covariant entity.(The photo of Gell-Mann and Feynman is from the Emilio Segré Visual

Archives of the American Institute of Physics.)

Indeed, the study of the proton form factor has been and still is one

of the central issues in high-energy physics. The proton form factor de-

creases as the momentum transfer increases. Its behavior is called the dipole

cut-off meaning an inverse-square decrease, and it has been a challenging

problem in quantum field theory and other theoretical models [Frazer and

Fulco (1960)]. Since the emergence of the quark model in 1964 [Gell-Mann

(1964)], the hadrons are regarded as quantum bound states of quarks with

space-time extensions.

Furthermore, the hadronic mass spectra indicate that the binding force

between the quarks is like that of the harmonic oscillator [Feynman et al.

(1971)]. This leads us to suspect that the quark model with harmonic

oscillator wave functions could explain the behavior of the proton form

factor. There are indeed many papers written on this subject. We shall

return to this problem in Sec. 9.6.

Another problem in high-energy physics is Feynman’s parton pic-

ture [Feynman (1969a,b); Bjorken and Paschos (1969)]. If the hadron is

at rest, we can approach this problem within the framework of bound-

state quantum mechanics. If it moves with a speed close to that of light,

it appears as a collection of an infinite number of partons, which interact

with external signals incoherently. This phenomenon raises the question of

whether the Lorentz boost destroys quantum coherence [Kim (1998)].
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9.3 Lorentz-covariant quark model

In the quark model, mesons are two-body bound states of one quark and

one anti-quark, and baryons are bound states of three quarks. The early

successes of the quark model include the ratio of the proton-neutron elec-

tromagnetic potential and magnetic moments [Bég et al. (1964)]. Also the

hadronic mass spectra are like those of three-dimensional harmonic oscilla-

tors [Feynman et al. (1971)].

The question then is how the mass spectrum calculated within the

framework of non-relativistic quantum mechanics is valid for this relativis-

tic case, while ignoring the time-separation variable. For this question, the

answer given in the 1971 paper of Feynman et al. is not satisfactory. The

correct answer to this question is that Wigner’s little group for massive

particles is like the three-dimensional rotation group as was spelled out in

Chapter 6 and in Chapter 8.

Our original question is how the hydrogen atom looks to a moving ob-

server. The question now is how much we can learn about this Bohr-

Einstein issue by studying the proton in the quark model based on the

three-dimensional harmonic oscillator. For the hydrogen atom, we use the

Coulomb potential, while the binding force between quarks is that of the

oscillator. The point is that those two different potentials share the same

quantum mechanics.

For this purpose, we will need a bound-state wave function which can

be Lorentz-boosted. Here the natural choice is the harmonic oscillator

wave function discussed in Chapter 8. We can start with the ground-state

wave function which can be Lorentz boosted. Since the harmonic oscillator

wave function is separable in the Cartesian coordinate system, we can leave

out the transverse components of the wave function, and consider only the

longitudinal and time-like coordinates. For this purpose, let us rewrite the

wave function of Eq. (8.34) as

ψη(z, t) =
1√
π

exp

{
−1

4

[(
e2η(z + t)2 + e−2η(z − t)2

)]}
, (9.1)

which becomes

ψ0(z, t) =
1√
π

exp

{
−1

2

[(
z2 + t2

)]}
, (9.2)

for η = 0, where η is the speed parameter defined as tanh η = v/c.
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9.4 Feynman’s Parton Picture

Let us go back to the two-body problem and discuss what happens to the

wave function when the proton is Lorentz-boosted. For this system, we

have discussed the Lorentz-squeeze problem in Chapter 8.

It is a widely accepted view that hadrons are quantum bound states of

quarks having a localized probability distribution. As in all bound-state

cases, this localization condition is responsible for the existence of discrete

mass spectra. The most convincing evidence for this bound-state picture is

the hadronic mass spectra [Feynman et al. (1971); Kim and Noz (1986)].

However, this picture of bound states is applicable only to observers in

the Lorentz frame in which the hadron is at rest. How would the hadrons ap-

pear to observers in other Lorentz frames? In 1969, Feynman observed that

a fast-moving hadron can be regarded as a collection of many partons whose

properties appear to be quite different from those of the quarks [Feynman

(1969a,b); Bjorken and Paschos (1969); Başkal et al. (2016)]. For example,

the number of quarks inside a static proton is three, while the number of

partons in a rapidly moving proton appears to be infinite. The question

then is how the proton looking like a bound state of quarks to one ob-

server can appear so differently to an observer in a different Lorentz frame?

Feynman made the following systematic observations.

1. The picture is valid only for hadrons moving with velocity close to

that of light.

2. The interaction time between the quarks becomes dilated, and par-

tons behave as free independent particles.

3. The momentum distribution of partons becomes widespread as the

hadron moves fast.

4. The number of partons seems to be infinite or much larger than

that of quarks.

Because the hadron is believed to be a bound state of two or three quarks,

each of the above phenomena appears as a paradox, particularly Item 2 and

Item 3 together. How can a free particle have a wide-spread momentum

distribution?

In order to resolve this paradox, let us construct the momentum-energy

wave function corresponding to the Gaussian form of Eq. (9.1). The

momentum-energy wave function should also be a Gaussian function. If
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Fig. 9.3 Lorentz-squeezed space-time and momentum-energy wave functions. As the

hadron’s speed approaches that of light, both wave functions become concentrated along

their respective positive light-cone axes. These light-cone concentrations lead to Feyn-
man’s parton picture [Kim and Noz (1977); Kim (1989)]. The external signal, since it is

moving in the direction opposite to the direction of the hadron, travels along the neg-

ative light-cone axis. Thus, the interaction time of this signal with the bound state is
much shorter than the period of oscillation of the quarks inside the hadron. This effect

is called Feynman’s time dilation [Feynman (1969a,b); Bjorken and Paschos (1969); Kim
and Noz (2005)].

the quarks have the four-momenta pa and pb, we can construct two inde-

pendent four-momentum variables [Feynman et al. (1971)]

P = pa + pb, q =
√

2 (pa − pb) . (9.3)

The four-momentum P is the total four-momentum and is thus the hadronic

four-momentum while q measures the four-momentum separation between

the quarks.

The resulting momentum-energy wave function is

φη(qz, q0) =

(
1

π

)1/2

exp

{
−1

4

[
e−2η (qz + q0)

2
+ e2η (qz − q0)

2
]}
. (9.4)

For large values of η, we can let q0 = qz, and the wave function becomes

φη(qz) =

(
1

π

)1/4

exp
{
−
[
e−2η (qz)

2
]}
. (9.5)

Because we are using here the harmonic oscillator, the mathematical

form of the above momentum-energy wave function is identical to that of
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the space-time wave function of Eq. (9.1). The Lorentz squeeze properties

of these wave functions are also the same. This aspect of the squeeze has

been exhaustively discussed in the literature [Kim and Noz (1977); Kim

(1989); Başkal et al. (2015)], and it is illustrated again in Fig. 9.3. The

hadronic structure function calculated from this formalism is in reasonable

agreement with the experimental data [Hussar (1981)] as shown in Fig. 9.4.

Fig. 9.4 Parton distribution function compared with experimental data. The boosted

oscillator has its peak at x = 1/3 . This Gaussian form gives a reasonable agreement
with experimental data for large values of x, but the disagreement is substantial for small

values of x. This figure is from Hussar’s paper [Hussar (1981)].

When the hadron is at rest with η = 0, both wave functions behave

like those for the static bound state of quarks. As η increases, the wave

functions become continuously squeezed until they become concentrated

along their respective positive light-cone axes, as shown in Fig. 9.3. Let us

look at the z-axis projection of the space-time wave function. Indeed, the

width of the quark distribution increases as the hadronic speed approaches

that of the speed of light. The position of each quark appears widespread

to the observer in the laboratory frame, and the quarks appear like free

particles.

The momentum-energy wave function is just like the space-time wave

function. The longitudinal momentum distribution becomes wide-spread as

the hadronic speed approaches the velocity of light. This is in contradiction

with our expectation from non-relativistic quantum mechanics that the



February 13, 2018 16:40 ws-book9x6 New Perspectives on Einstein’s E = mc2 wsbook page 131

Quarks and Partons 131

width of the momentum distribution is inversely proportional to that of

the position wave function. Our expectation is that if quarks are free, they

must have a sharply defined momenta, not a wide-spread distribution.

However, according to our Lorentz-squeezed space-time and momentum-

energy wave functions, the space-time width and the momentum-energy

width increase in the same direction as the hadron is boosted. This is of

course an effect of Lorentz covariance. This indeed leads to the resolution of

one of the quark-parton puzzles [Kim and Noz (1977); Kim (1989); Başkal

et al. (2016)].

Another puzzling problem in the parton picture is that partons appear

as incoherent particles, while quarks are coherent when the hadron is at rest.

Does this mean that the coherence is destroyed by the Lorentz boost [Kim

(1998)]? The answer is NO, and here is the resolution to this puzzle.

When the hadron is boosted, the hadronic matter becomes squeezed

and becomes concentrated in the elliptic region along the positive light-

cone axis. The length of the major axis becomes expanded by eη, and the

minor axis is contracted by e−η, as shown in Fig. 9.3 and also in Fig 8.4.

Table 9.1 Further contents of Einstein’s E = mc2. The fourth row is added to

Table 6.1. Indeed, the unified picture of the quark and parton models can be viewed
as a further content of Einstein’s energy-momentum relation in Chapter 1.

Massive

Slow

Lorentz

Covariance

Fast

Massless

Energy
Momentunm

mc2 + p2/2m
Einstein’s

E =

√
(mc2)2 + (cp)2

E = cp

Helicity S3 Wigner’s Helicity

Spin, Gauge S1, S2 Little Group Gauge Trans.

Quarks Quark Covariant Parton

in Proton Model Oscillator Picture

This means that the interaction time of the quarks among themselves

becomes dilated. Because the wave function becomes wide-spread, the

distance between one end of the oscillator well and the other end in-

creases. This effect, first noted by Feynman [Feynman (1969a,b); Bjorken
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and Paschos (1969)], is universally observed in high-energy hadronic exper-

iments. The period of oscillation increases like eη. On the other hand, the

external signal, since it is moving in the direction opposite to the direction

of the hadron, travels along the negative light-cone axis.

If the hadron contracts along the negative light-cone axis, the interaction

time decreases by e−η. The ratio of the interaction time to the oscillator

period becomes e−2η. The energy of each proton coming out of the LHC

accelerator is 13 TeV . This leads to the ratio 1.25 × 10−9. This is indeed

a small number. The external signal is not able to sense the interaction of

the quarks among themselves inside the hadron.

Indeed, the covariant harmonic oscillator formalism provides one

Lorentz-covariant entity which produces the quark and parton models as

two limiting cases as is indicated in Table 9.1.

9.5 Proton Structure Function

The quark distribution in momentum-energy space can be measured from

the inelastic electron-proton scattering with one-photon exchange [Bjorken

and Paschos (1969)]. The measured distribution is called the proton struc-

ture function. We are now interested in how close the Gaussian form of

Eq. (9.4) is to the experimental world.

First of all, in the large-η limit, the proton wave function is within the

narrow elliptic region where qz = q0, and we are left with the wave function

depending on only one variable. Thus, this one-variable wave function takes

the form

φη(qz) =

(
1

π

)1/4

exp
{
−
[
e−2η (qz)

2
]}
. (9.6)

According to Eq. (9.3), the

pa =
√

2 (Pz − 2pa) , pb =
√

2 (Pz + 2pa) . (9.7)

If we introduce the parameter

x =
paz
Pz

, (9.8)

this is the ratio of the quark momentum to the hadronic momentum. In-

deed, this variable is used for measuring the parton distribution in high-

energy laboratories.

It is then possible to write the Gaussian form of Eq. (9.6) in terms of

this x variable, and the quark distribution can be written as

ρ(x) = exp

[
−γ
(
x− 1

2

)2
]
, (9.9)
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where the constant γ is to be determined from the level separation from

the hadronic mass spectra [Feynman et al. (1971)]. The variable x ranges

from its minimum value of zero to the maximum value 1. This Gaussian

form peaks at x = 1/2.

Before attempting to make a real contact with the experimental world,

we have to face the fact that the proton is a bound state of three quarks.

Within the harmonic oscillator regime, the three-body bound system can

be separated into a regime of two independent oscillators. This problem

was worked out in detail in the 1971 paper of Feynman et al.[Feynman et al.

(1971)]. Let us reproduce their calculation.

Let xa, xb, xc represent the space-time coordinates for those quarks. If

there is an oscillator force between two quarks, we are led to the quadratic

form [
(xa − xb)2 + (xb − xc)2 + (xc − xa)

2
]
. (9.10)

In order to deal with this expression, Feynman et al. introduced the fol-

lowing three variables:

X =
xa + xb + xc

3
,

r =
xa + xb − 2xc

6
,

s =
xb − xa

2
, (9.11)

and

xa = X − 2r,

xb = X + r −
√

3s,

xc = X + r +
√

3s. (9.12)

In terms of the r and s variables, the quadratic form becomes

18
(
r2 + s2

)
, (9.13)

and does not depend on the X variable, which specifies the space-time

coordinate of the proton.

As for the momentum-energy four-vectors, let us call them pa, pb, and pc
for the quarks a, b, c respectively, and introduce the following variables. For

the momentum-energy four-vectors, we can introduce the following three
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variables.

P = pa + pb + pc,

q = pa + pb − 2pc,

k =
√

3 (pb − pa) . (9.14)

Then

pa =
1

3
P +

1

6
q − 1

2
√

3
k,

pb =
1

3
P +

1

6
q +

1

2
√

3
k,

pc =
1

3
P − 1

3
q. (9.15)

In terms of these variables we are led to consider the quadratic form of

18
(
q2 + k2

)
. (9.16)

This form does not depend on the variable P , which measures the momen-

tum and energy of the proton.

If the external signal interacts with quark c, its momentum depends

only on the q variable, which can be written as

q = P − 3pc. (9.17)

We can then define the x variable as

x =
pcz
Pz

. (9.18)

Then the quark distribution should take the form

ρ(x) =

(
1

πγ

)1/2

exp

[
−γ
(
x− 1

3

)2
]
. (9.19)

The constant γ is to be determined from the hadronic mass spectra based

on the oscillator model [Feynman et al. (1971)].

This distribution is measurable and appears as the proton structure

function in the real world. If the quarks interact with the external photon

as point particles, the Gaussian distribution of Eq. (9.19) does not agree

well with the experimental curve. On the other hand, it is known that there

are a various models describing the clouds surrounding the quarks.

Among the various models for this cloud effect, the valon model [Hwa

(1980); Hwa and Zahir (1981)] is one of the simplest. In 1981 [Hussar

(1981)], Hussar took into account this valon model, and compared the two
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curves representing the experimental and boosted harmonic oscillator data.

They are in reasonable agreement as shown in Fig. 9.4

This graph may not be as accurate as we desire. However, the remark-

able feature is that the Gaussian form was calculated from the proton at

rest. So is the constant γ. It came from the level spacing in the hadronic

mass spectra. It is remarkable that these two features manifest themselves

for the proton whose speed is very close to that of the light.

There are many other models to deal with the problem of providing

corrections to the parton distribution. QCD (quantum chromodyanics)

is a case in point [Buras (1980)]. QCD can provide corrections to the

distribution, but it does not produce the distribution from which to start.

The covariant harmonic oscillator function provides this starting point.

It is like the case of quantum electrodynamics. QED was quite successful

in producing the Lamb shift in the the hydrogen energy spectrum, but QED

cannot produce the Rydberg energy levels to which the correction is made.

The hydrogen energy levels are still obtained from the Schrödinger or Dirac

equation with the localization condition on wave functions.

9.6 Proton Form Factor and Lorentz Coherence

Let us now consider the elastic scattering of proton and electron with one

photon exchange. If the proton is a point particle, the scattering cross sec-

tion can be calculated from the one-photon exchange Feynman diagram.

The calculation is straight-forward if the proton is a point particle. This

process is called the Rutherford scattering, and the cross section becomes

the same as the classical Coulomb scattering if the proton’s recoil is negli-

gible.

As the momentum transfer becomes substantial as indicated in Fig. 9.5

the cross section deviates from that of the Rutherford scattering, as was

observed first by Hofstadter and McCallister in 1955 [Hofstadter and McAl-

lister (1955)]. Subsequently, it was observed that the cross section decreases

as

1

(momentum transfer)8
. (9.20)

This deviation comes from the fact that the proton is not a point particle

and that the electric charge inside the proton is distributed with a finite

radius. The portion of the scattering amplitude describing this distribution

is called the proton form factor. The proton form factor should therefore
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Lorentz-contracted Proton

Electron-proton Scattering 

       in the Breit frame

el
ec

tro
n

proton

momentum p

Fig. 9.5 Breit frame. The incoming and outgoing protons move with equal magnitude

of momentum in opposite directions [Kim and Noz (1986)].

decrease as

1

(momentum transfer)4
. (9.21)

This behavior of decrease is known as the dipole cut-off in the literature.

This dipole cut-off and possible deviations from it constitute one of the

major branches of high-energy physics. There have been in the past some

far-reaching theoretical models to deal with this problem [Frazer and Fulco

(1960)].

In this section, we are interested in approaching this problem using the

harmonic oscillator formalism developed in Chapter 8. We shall show that

the dipole cut-off is a consequence of the coherence between the contraction

of the proton wave function and the decrease in the wavelength of the

incoming signal.

While the formalism of Chapter 8 is largely based on the papers written

by Dirac and Wigner, it is interesting to note that the same harmonic

oscillator functions can be derived from those authors who attempted to

understand the proton form factor. These authors were not aware of the

work of Dirac and Wigner. Let us briefly review what they did.

In 1953, Yukawa was interested in constructing harmonic oscillator wave

functions that can be Lorentz-transformed [Yukawa (1953)]. His primary

interest was in the mass spectrum produced by his Lorentz-invariant differ-

ential equation. However, at that time, his mass spectrum did not appear

to have anything to do with the physical world.
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After witnessing a non-zero charge radius of the proton observed by Hof-

stadter and McAllister [Hofstadter and McAllister (1955)], Markov in 1956

considered using Yukawa’s oscillator formalism for calculating the proton

form factor [Markov (1956)].

However, the constituent particles of the oscillator wave functions were

not defined at that time. Shortly after the emergence of the quark model in

1964 [Gell-Mann (1964)], Ginzburg and Man’ko considered relativistic har-

monic oscillators for bound-states of quarks [Ginzburg and Man’ko (1965)].

Even though they did not mention Yukawa’s 1953 paper [Yukawa

(1953)], Fujimura, Kobayashi, and Namiki used the quark model based

on Yukawa’s relativistic oscillator wave function, to calculate the proton

form factor, and obtained the dipole cut-off [Fujimura et al. (1970)]. In the

same year, Licht and Pagnamenta derived the same result using Lorentz-

contracted oscillator wave functions. They used the Breit coordinate system

in order to by-pass the time-separation variable appearing in the covariant

formalism [Licht and Pagnamenta (1970); Kim and Noz (1973)].

In 1971, Feynman, Kislinger, and Ravndal noted that the observed

hadronic mass spectra can be explained in terms of the degeneracies of

three-dimensional harmonic oscillators [Feynman et al. (1971)], confirming

the earlier suggestion made by Yukawa in 1953 [Yukawa (1953)]. They

quoted the paper by Fujimura et al [Fujimura et al. (1970)], but they did

not mention Yukawa’s 1953 paper [Yukawa (1953)]. This is the reason why

Feynman et al. could not write down normalizable wave functions.

Let us go back to the formalism developed in Chapter 8. When con-

sidering the scattering of one electron and one proton by exchanging one

photon it is possible to choose the Lorentz frame in which the incoming and

outgoing protons are moving in opposite directions with the same speed.

Let us assume that the proton is moving along the z direction as indicated

in Fig. 9.5, and let p be the magnitude of the momentum. Then the initial

and final momentum-energy four-vectors are

(p,E) and (−p,E), (9.22)

respectively, where E =
√

1 + p2. The momentum transfer in this Breit

frame is

(p,E)− (−p,E) = (2p, 0), (9.23)

with zero energy component.

The proton form factor then becomes

F (p) =

∫
e2ipz (ψη(z, t))

∗
ψ−η(z, t) dz dt. (9.24)
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If we use the ground-state harmonic oscillator wave function, this integral

becomes

1

π

∫
e2ipz exp

{
− cosh(2η)

(
z2 + t2

)}
dz dt. (9.25)

The physics of cosh(2η) in this expression was explained in Eq. (8.54).

In the Fourier integral of Eq. (9.25), the exponential function does not

depend on the t variable. Thus, after the t integration, Eq. (9.25) becomes

F (p) =
1√

π cosh(2η)

∫
e2ipz exp

{
−z2 cosh(2η)

}
dz. (9.26)

If we complete this integral, the proton form factor becomes

F (p) =
1

cosh(2η)
exp

{
−p2

cosh(2η)

}
. (9.27)

If we use the expression of cosh(2η) given in Eq. (8.54), this proton form

factor becomes

F (p) =
1

1 + 2p2
exp

(
−p2

1 + 2p2

)
, (9.28)

which decreases as 1/p2 for large values of p.

In order to illustrate the effect of the role of this Lorentz contraction in

more detail, let us perform the integral of Eq. (9.26) without the contraction

factor cosh(2η). This means that the wave function ψη(z, t) in the Eq. (9.24)

is replaced by the Gaussian form ψ0(z, t) of Eq. (9.1). With this non-

squeezed wave function, the Fourier integral becomes

G(p) =

∫
e2ipz (ψ0(z, t))

∗
ψ0(z, t) dz dt. (9.29)

The result of this integral is

G(p) =
1√
π

exp (−p2). (9.30)

This leads to a Gaussian cutoff of the proton form factor. This does not

happen in the real world, and the calculation of G(p) is for an illustrative

purpose only.

Let us go back to the Fourier integrals of Eq. (9.24) and Eq. (9.29). The

only difference is the cosh(2η) factor in Eq. (9.24). This factor is in the

normalization constant and comes from the integration over the t variable

which does not affect the Fourier integral.

However, it causes the Gaussian width to shrink by 1/
√

2p for large

values of p. The wavelength of the sinusoidal factor is inversely proportional
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Fig. 9.6 Coherence between the wavelength and the proton size. Referring back to
Fig. 9.5, the proton sees the incoming photon. The wavelength of this photon becomes

smaller for increasing momentum transfer. If the proton size remains unchanged, there is

a rapid oscillation cutoff in the Fourier integral for the form factor leading to a Gaussian
cutoff. However, if the proton size decreases coherently with the wavelength, there are

no oscillation effects, leading to a polynomial decrease of the form factor [Kim and Noz

(1986); Başkal et al. (2015)].

to the momentum 2p. Thus, both the Gaussian width and the wavelength

of the incoming signal shrink at the same rate of 1/p as p becomes large.

Without this coherence, the cutoff is Gaussian as noted in Eq. (9.30). The

effect of this Lorentz coherence is illustrated in Fig. 9.6.

There still is a gap between F (p) of Eq. (9.28) and the real world. Before

comparing this expression with the experimental data, we have to realize

that there are three quarks inside the proton with two oscillator modes.

One of the modes goes through the Lorentz coherence process discussed
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in this section. The other mode goes through the contraction process given

in Eq. (8.54). The net effect is

F3(p) =

(
1

1 + 2p2

)2

exp

(
−p2

1 + 2p2

)
. (9.31)

This will lead to the desired dipole cut-off of
(
1/p2

)2
.

In addition, the effect of the quark spin should be addressed. There are

also reports of deviations from the exact dipole cut-off. There have been

attempts to study the proton form factors based on the four-dimensional

rotation group with an imaginary time coordinate. There are also many

papers based on the lattice QCD. A brief list of the references to these

efforts is given in [Kim and Noz (2011)].

The purpose of this section was limited to studying in detail the role of

Lorentz coherence in keeping the proton form factor from the steep Gaus-

sian cutoff in the momentum transfer variable. The coherence problem is

one of the primary issues of the current trend in physics.

9.7 Coherence in Momentum-energy Space

We are now interested in how Lorentz coherence manifests itself in

momentum-energy space. We start with the Lorentz-squeezed wave func-

tion in momentum-energy space, which can be written as

φη (qz, q0) =
1

2π

∫
e−i(qzz−q0t)ψη(z, t)dt dz. (9.32)

This is a Fourier transformation of the Lorentz-squeezed wave function

of Eq. (9.1), where qz and q0 are Fourier conjugate variables to z and t

respectively. The result of this integral is

φη (qz, q0) =
1√
π

exp

{
−1

4

[
e−2η (qz + q0)

2
+ e2η (qz − q0)

2
]}
. (9.33)

In terms of this momentum-energy wave function, the proton form factor

of Eq. (9.24) can be written as

F (p) =

∫
φ∗−η (q0, qz − p)φη (q0, qz + p) dq0 dqz. (9.34)

The evaluation of this integral leads to the proton form factor F (p) given

in Eq. (9.28).

In order to see the effect of the Lorentz coherence, let us look at the two

wave functions in Fig. 9.7. The integral is carried out over the qz qo plane.

As the momentum p increases, the two wave functions become separated.
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Without the Lorentz squeeze, the wave functions do not overlap, and this

leads to a sharp Gaussian cutoff as in the case of G(p) of Eq. (9.30).

On the other hand, the squeezed wave functions have an overlap as

shown in Fig. 9.7, and this overlap becomes smaller as p increases. This

leads to a slower polynomial cutoff [Kim and Noz (1986, 2011)].

p

q

q

0

z

Wave functions

squeezed

not squeezed

overlap

−η
η

Fig. 9.7 Lorentz coherence in the momentum-energy space. Both squeezed and non-

squeezed wave functions are given. As p increases, the two wave functions in Eq. (9.34)

become separated. Without the squeeze, there are no overlaps. This leads to a Gaussian
cutoff. The squeezed wave functions maintain an overlap, leading to a slower polynomial

cutoff [Kim and Noz (1986)].

The discovery of the non-zero size of the proton opened a new era of

physics [Hofstadter and McAllister (1955); Hofstadter (1956)]. The proton

is no longer a point particle. One way to measure its internal structure is to

study the proton-electron scattering amplitude with one photon exchange,

and its dependence on the momentum transfer. The deviation from the
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case with the point-particle proton is called the proton form factor.

On the experimental front, the dipole cut-off has been firmly estab-

lished. Yes, there are also experimental results indicating deviations from

this dipole behavior [Alkofer et al. (2005); Matevosyan et al. (2005)]. How-

ever, in the present section, no attempts have been made to review all the

papers written on the corrections. From the theoretical point of view, those

deviations are corrections from the basic dipole behavior.

While the study of the proton form factor is still a major subject in

physics, it is gratifying to note that the proton’s dipole cut-off comes from

the c oherence between the Lorentz contraction of the proton’s longitudinal

size and the decrease in the wavelength of the incoming signal.
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Chapter 10

Feynman’s Rest of the Universe

In Chapter 8, we constructed a set of harmonic oscillator wave functions

that can be Lorentz-boosted. These wave functions carry the quantum

probability interpretation, after the integration over the t variable. This

variable is the time-separation variable which is thoroughly hidden in the

present form of quantum mechanics.

Dirac’s Gaussian form of 1945 [Dirac (1945b)] has this variable, but

he did not give it a physical interpretation. In their paper of 1971, Feyn-

man et al. [Feynman et al. (1971)] pointed out clearly that this time sep-

aration variable is applicable between the constituent particles inside the

hadron. However, they chose to ignore this variable because they did not

know how to deal with it. This is not what we expect from Feynman’s

paper. Yet, he still deserves our respect for pointing out that the problem

exists with this variable.

The purpose of this Chapter is to provide the resolution to this problem

within the existing framework of quantum mechanics and special relativity.

The problem is with the transition from the wave function to the measurable

probability distribution. This transition process is called the density matrix

in non-relativistic quantum mechanics. The question is whether this process

is possible in the Lorentz-covariant world, particularly within the framework

of the covariant harmonic oscillator formalism.

In his book on statistical mechanics [Feynman (1998)], whose first edi-

tion was published in 1972, Feynman makes the following statement about

the density matrix.

When we solve a quantum-mechanical problem, what we really
do is divide the universe into two parts - the system in which we
are interested and the rest of the universe. We then usually act
as if the system in which we are interested comprised the entire

143



February 13, 2018 16:40 ws-book9x6 New Perspectives on Einstein’s E = mc2 wsbook page 144

144 New Perspectives on Einstein’s E = mc2

universe. To motivate the use of density matrices, let us see
what happens when we include the part of the universe outside
the system.

Here [Feynman (1998)], Feynman summarized the content of von Neu-

mann’s book entitled Die mathematische Grundlagen der Quanten-

mechanik published in 1932 [von Neumann (1932)], and translated into En-

glish as Mathematical Foundation of Quantum Mechanics in 1955 [Von Neu-

mann (1996)].

In this Chapter, we study Feynman’s rest of the universe using two cou-

pled harmonic oscillators whose quantum mechanics and density matrix are

well understood [Feynman (1998); Han et al. (1999)]. It will be noted that

the wave function for this system is identical with the covariant oscillator

wave function discussed in Chapter 8.

The issue is how to transform wave functions to measurable probability

density, when not all the variables are measured. In the oscillator system,

let x1 and x2 be the coordinate variables for the two-oscillator system,

and let x2 be the unmeasurable variable. This unmeasurable variable is in

Feynman’s rest of the universe.

Then the covariant harmonic oscillator has the same set of wave func-

tions as the two-oscillator system discussed in Chapter 8, if the x1 and x2
coordinates are replaced by the z and t variables of the covariant oscillators.

The coupled oscillator provides the mathematical tool for many other

branches of physics of current interest, including two-photon systems in

quantum optics [Yuen (1976); Kim and Noz (1991); Walls and Milburn

(2008)]. In the two-photon system, it is possible to ignore one of the pho-

tons. This case serves as an excellent example of Feynman’s rest of the

universe [Yurke and Potasek (1987); Ekert and Knight (1989)].

10.1 Introduction

Thanks to its mathematical simplicity, the harmonic oscillator provides sol-

uble models in many branches of physics. It often gives a clear illustration

of abstract ideas. In Chapter 8, we have seen that the oscillator wave func-

tions can tell us how to boost localized waves of bound states in quantum

mechanics in the Lorentz-covariant world.

In quantum mechanics, the single oscillator can be excited in the fol-

lowing three ways:

1. Excitation through the Schrödinger equation with discrete energy
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levels.

2. Coherent and squeeze preserving the minimum uncertainty prod-

uct.

3. Thermal excitations. This is a statistical excitation.

Unlike the first two cases, the thermal excitation cannot be made

through linear combinations of the wave functions. This excitation is a

statistical ensemble requiring the concept of density matrix. The density

matrix for the harmonic oscillator takes the form

ρ (x1, x2) =
(

1− e−~ω/kBT
)∑

n

e−~ω/kBTχn (x1)χn (x2) , (10.1)

where ~ω is the energy spacing of the oscillator, and kB is Boltzmann’s

constant. T is the absolute temperature. We shall hereafter use the nota-

tion

~ω
kBT

→ 1

T
, (10.2)

which means the unit of the temperature is ~ω/kB ,

ρ (x1, x2) =
(

1− e−1/T
)∑

n

e−n/Tχn (x1)χn (x2) . (10.3)

The density matrix was first introduced in 1932 by John von Neu-

mann [von Neumann (1932)]. Why do we need the density matrix? The

wave function in quantum mechanics accommodates the superposition prin-

ciple. However, the process of converting this function to a probability

distribution appears to be taking the product of the wave function and its

complex conjugate.

However, the process is more complicated. Since quantum mechanics is

based on the inherent limitation of measurements, the density matrix de-

pends heavily on how measurements are taken in laboratories. Sometimes,

we measure all the variables allowed by the quantum system, and some-

times we do not. The density matrix allows us to deal with this problem.

For the unmeasured variables, we sum or integrate the density matrix over

those unmeasurable variables [Von Neumann (1996); Fano (1957); Wigner

and Yanase (1963); Feynman (1998); Blum (2012)].

As for the unobservable variables, the time-separation variable is a case

in point. It was known to both Einstein and Bohr that there is a space-

like separation between the proton and the electron in the hydrogen atom.
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This separation is known as the Bohr radius. When the system is Lorentz-

boosted, the space separation picks up a time-like component, as is illus-

trated in Fig. 10.1. Most certainly, this variable is in Feynman’s rest of the

universe.

0.0 0.5 1.0 1.5 2.0 2.5 3.0

0.0

0.5

1.0

1.5

2.0

2.5

3.0

z

z’

t’

t

time separation

Fig. 10.1 Time separation in relativity. In relativity, there is a time separation wherever

there is a space separation. The Bohr radius is a space separation. It was Feynman et
al. [Feynman et al. (1971)] who pointed out the existence of this variable, but they said

they did not know what to do with it in their oscillator formalism.

In this Chapter, we present first a model of Feynman’s rest of the uni-

verse using two coupled harmonic oscillators [Han et al. (1999)]. If one of

those two oscillators is not observed, it belongs to the rest of the universe.

The system of the covariant harmonic oscillator presented in Chapter 8

has two variables, namely z for the longitudinal separation and t for the

time-like separation.

It will then be noted that these two physical systems share the same

form for their wave functions. The physics of the coupled oscillator system

can therefore be translated into the covariant harmonic oscillators. The

physics of the unobservable variable in the coupled oscillator system is well

understood. Thus, the same physics can be applied to the time-separation

variable never measured in the present form of quantum mechanics.

Among the physical effects of the unobserved variables are an increase

in entropy and a temperature rise, as well as the addition of statistical

uncertainty. We should then know how to deal with the time-separation

variable and its effect on the hadronic system.

In Sec. 10.2, we consider two coupled harmonic oscillators. It is possible
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to couple them by a canonical transformation. This coupled oscillator sys-

tem shares essentially the same mathematical formalism as the covariant

harmonic oscillators. It is thus possible to transfer physical interpretations

from the coupled oscillator system to the covariant harmonic oscillators.

This aspect is discussed in Sec. 10.3.

In Sec. 10.4, the density matrix is constructed for the two oscillator

system whose quantum mechanics is well established. It is then noted that

the wave function for this oscillator system is the same mathematically as

that for the covariant harmonic oscillator, leading to the same form for both

the coupled oscillators and the covariant harmonic oscillator. It is possible

to study what happens to the coupled oscillators within the framework

of the present form of quantum mechanics. Then the physics of these two

oscillators can become applicable to the covariant harmonic oscillators. The

physics in question is what happens if one of the oscillators is not observed

or belongs to Feynman’s rest of the universe.

In Sec. 10.5, it is noted the time-separation variable in the covariant

oscillator belongs to the rest of the universe, like the unobserved oscillator

in the two-oscillator system. This effect will lead to the entropy of the

system. The entropy will be zero for the oscillator at rest, and will increase

as the oscillator gains speed. This entropy increase can be translated into

temperature rise. We study this temperature rise in Sec. 10.6. This allows

us in Sec. 10.7, to explain the transition from bound states of hadrons to

a plasma state at a sufficiently high temperature. This phase transition is

another explanation of the transition from the quark model to its parton

picture discussed in Chapter. 9.

As for the uncertainty relation, it is more convenient to use the Wigner

function which can be derivable from the density matrix. In Sec. 10.8, we

derive the Wigner function from the density matrix given in Sec. 10.4. This

Wigner function will tell us how much is from the quantum uncertainty and

how much is from the rest of the universe. It is shown in Sec. 10.9 how the

fundamental uncertainty remains Lorentz invariant.

10.2 Coupled Oscillators and Covariant Oscillators

Let us start with two uncoupled oscillators. The Hamiltonian for this sys-

tem is

H =
1

2

(
p21 + x21

)
+

1

2

(
p22 + x22

)
, (10.4)
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where

p1 = −i ∂
∂x1

, p2 = −i ∂
∂x2

.

If we introduce the variables

x+ =
x1 + x2√

2
, x− =

x1 − x2√
2

,

p+ =
p1 + p2√

2
, p− =

p1 − p2√
2

. (10.5)

The Hamiltonian becomes

H =
1

2

[
p2+ + x2+

]
+

1

2

[
p2− + x2−

]
. (10.6)

The resulting ground-state wave function is

ψ (x1, x2) =
1√
π

exp

{
−1

2

(
x2+ + x2−

)}
. (10.7)

This aspect of the two uncoupled oscillators is well known. The question is

what happens when they become coupled.

The canonical way to couple these two oscillators is to apply the coor-

dinate transformation(
x+
p−

)
→ e−η

(
x+
p−

)
,

(
x−
p+

)
→ eη

(
x−
p+

)
. (10.8)

This transformation leads to the Hamiltonian of the form

Hη =
1

2

[
e2ηp2+ + e−2ηx2+

]
+

1

2

[
e−2ηp2− + e2ηx2−

]
, (10.9)

and the wave function of Eq. (10.7) to

ψη (x1, x2) =
1√
π

exp

{
−1

4

[
e−2η (x1 + x2)

2
+ e2η (x1 − x2)

2
]}
. (10.10)

This canonical transformation is illustrated in Fig. 10.2. From this figure,

it is quite safe to say that the canonical transformation in this case is a

squeeze transformation.

While the Hamiltonians of Eq. (10.6) and Eq. (10.9) take two different

forms, we are led to the question of whether there is a quantity invariant

under this canonical transformation. For this purpose, let us consider the

Hamiltonian of the form

Hinv =
1

2

(
p21 + x21

)
− 1

2

(
p22 + x22

)
. (10.11)
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Fig. 10.2 Canonical and Lorentz transformations. In the canonical transformation, the

momentum coordinates are inversely proportional to their conjugate coordinates. In the
Lorentz transformation, the momentum space and momentum coordinate transform in

the same way, as is seen in Fig. 9.3 of Chapter 9.

This is the expression for the energy of the first oscillator minus that of

the second oscillator in this two-oscillator system. If we write this form in

terms of the x± and p± variables,

Hinv = p+p− + x+x−. (10.12)

This form is invariant under the canonical transformation of Eq. (10.8).

In addition, let us consider the transformation(
x+
p+

)
→ e−η

(
x+
p+

)
,

(
x−
p−

)
→ eη

(
x−
p−

)
. (10.13)

This is not a canonical transformation. The space and momentum variables

are transformed in the same way, as in the case of Einstein’s Lorentz boost.

Thus, we choose to call this transformation the Lorentz transformation,

and illustrated it in Fig. 10.2. Indeed, this is how the covariant oscillator

functions are Lorentz-boosted as shown in Chapter 8.

The invariant Hamiltonian was considered first by Yukawa in

1953 [Yukawa (1953)], and then by Feynman et al. in 1971 [Feynman et al.

(1971)]. Its Lorentz-covariant wave function enables us to construct a repre-

sentation of Wigner’s little group for a localized bound-state wave function

as seen in Chapter 8. Thus, it enables us to explain Gell-Mann’s quark

model and Feynman’s parton model as two special cases of one Lorentz

covariant entity as shown Chapter 9.
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10.3 Entangled Oscillators

The wave function for the starting Hamiltonian of Eq. 10.4 is separable in

the x1 and x2 variables, and can be written as

χn (x1)χm (x2) , (10.14)

where χn is the oscillator wave function in the nth excited state. In this

chapter, we will be mostly interested in the case where the χm (x2) is in

the ground state with m = 0. Thus the wave function takes the form

ψn0 (x1, x2) = χn (x1)χ0 (x2)

=

[
1

π2nn!

]1/2
Hn (x1) exp

{
−1

4

[
(x1 + x2)

2
+ (x1 − x2)

2
]}
.(10.15)

For n = 0, this wave function becomes simplified to the Gaussian form[
1

π

]1/2
exp

{
−1

4
(x1 + x2)

2
+ (x1 − x2)

2

}
. (10.16)

These wave functions are separable in the x1 and x2 variables.

If canonical-transformed according to Eq. 10.8, the x1 and x2 variables

in the wave functions are replaced according to

x1 → x1 cosh η − x2 sinh η, x2 → x2 cosh η − x1 sinh η. (10.17)

The wave functions are non-separable and become entangled. According to

Eq. 8.45 of Chapter 8, the wave function of Eq. (10.15) becomes entangled

to

ψnη (x1, x2) =

(
1

cosh η

)(n+1)∑
k

[
(n+ k)!

n!k!

]1/2
(tanh η)kχn+k (x1)χk (x2) .

(10.18)

If n = 0, this expression becomes simplified to

ψ0
η (x1, x2) =

(
1

cosh η

)1/2∑
k

(tanh η)kχk (x1)χk (x2) . (10.19)

This expression is still entangled, and can also be written in the Gaussian

form given in Eq. (10.10).

Indeed, the canonical-transformed wave function of x1 and x2 becomes

the Lorentz-boosted wave function if these variables are replaced by z and

t. The canonical transformation of two coupled oscillator entangles two

oscillator variables, in the way the space and the time variables are entan-

gled in the system of covariant harmonic oscillators discussed in Chapter 8.

We are interested in what happens to this coupled oscillator system where

the second variable x2 is not measured. This will then tell us about the

case of the covariant harmonic oscillators where the t variable belongs to

Feynman’s rest of the universe.
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10.4 Density Matrix and Entropy

Density matrices play very important roles in quantum mechanics and sta-

tistical mechanics, especially when not all measurable variables are mea-

sured in laboratories. But they are not fully discussed in the existing text-

books. On the other hand, since there are books and review articles on

this subject [Fano (1957); Blum (2012)], it is not necessary to give here a

full-fledged introduction to the theory of density matrices.

In this section, we are only interested in studying what Feynman said

about the density matrix using coupled oscillators [Feynman (1998)]. If all

the variables are measured, the density matrix is defined as

ρ (x1, x2;x′1, x
′
2) = ψ (x1, x2)ψ∗(x′1, x

′
2) , (10.20)

and this form is called the density matrix for the pure state in the space of

both x1 and x2.

On the other hand, if we do not make measurements in the x2 space, we

have to construct the matrix ρ(x1, x
′
1) by integrating over the x2 variable:

ρ(x1, x
′
1) =

∫
ρ (x1, x2;x′1, x2) dx2. (10.21)

It is possible to evaluate the above integral for n = 0. Since we are now

dealing only with the x1 variable, we shall drop its subscript and use x for

the variable for the world in which we are interested. The result of the

above integration is

ρ(x, x′) =
1√

π cosh(2η)
exp

{
−1

4

[
(x+ x′)2

cosh(2η)
+ (x− x′)2 cosh(2η)

]}
.

(10.22)

With this expression, we can check the trace relations for the density matrix.

Indeed the trace integral

Tr(ρ) =

∫
ρ(x, x) dx (10.23)

becomes 1, as in the case of all density matrices.

As for Tr(ρ2), the result of the trace integral becomes

Tr(ρ2) =

∫
ρ(x, x′)ρ(x′, x) dx′ dx =

1

cosh η
(10.24)

This is less than one. This is consistent with the general theory of density

matrices. If η = 0, the oscillators become decoupled, and the first oscillator

is totally independent of the second oscillator. The first oscillator is in
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a pure state, and Tr(ρ2) becomes 1. This result is also consistent with

general theory of density matrices [Fano (1957); Blum (2012)].

We can study the density matrix in terms of the orthonormal expansion

given in Eq. (10.18). The pure-state density matrix defined in this case

takes the form

ρ(x1, x2;x′1, x
′
2) =

∑
k,k′

Ak(η)A∗k′(n)χn+k(x1)χk(x2)χ∗n+k′ (x1)χ∗k′ (x2) .

(10.25)

If x2 is not measured, the density matrix becomes

ρ(x, x′) =
∑
k

|Ak(η)|2)χn+k(x)χ∗n+k(x′), (10.26)

after integration over the x2 variable. Here again, we use x for x1.

The entropy then becomes

S = −
∑
k

|Ak(η)|2ln
(
|Ak(η)|2

)
. (10.27)

We measure the entropy in units of Boltzmann’s constant k. The entropy

is zero for a pure state, and increases as the system becomes impure. Like

Tr(ρ2), this quantity is a measure of our ignorance about the rest of the

universe.

10.5 Entropy and Lorentz Transformation

We can now go back to the space-time wave function of Chapter 8. If the z

and t variables are both measurable, we can construct the density matrix

ρnη (z, t; z′, t′) = ψnη (z, t)
(
ψnη (z′, t′)

)∗
, (10.28)

with the covariant harmonic oscillators given in Chapter 8, which takes the

form

ψnη (z, t) =

(
1

cosh η

)(n+1)∑
k

[
(n+ k)!

n!k!

]1/2
(tanh η)kχn+k (z)χk(t).

(10.29)

Since the oscillator wave functions are all real, we shall hereafter drop the

∗ sign for complex conjugate.

This form satisfies the pure-state condition ρ2 = ρ which can be written

explicitly as

ρnη (z, t; z′, t′) =

∫
ρnη (z, t; r, s)ρnη (r, s; z′, t′) dr ds. (10.30)
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However, there are at present no measurement theories which accom-

modate the time-separation variable t. Thus, we can take the trace of the

ρ matrix with respect to the t variable. Then the resulting density matrix

is

ρnη (z, z′) =

∫
ψnη (z, t)ψnη (z′, t) dt

=

(
1

cosh η

)2(n+1)∑
k

(n+ k)!

n!k!
(tanh η)2kχn+k(z)χk+n(z′).(10.31)

The trace of this density matrix is one, as(
1

cosh η

)2(n+1)∑
k

(n+ k)!

n!k!
(tanh η)2k = 1. (10.32)

On the other hand, the trace of ρ2 is less than one, as

Tr
(
ρ2
)

=

∫
ρnη (z, z′)ρnη (z′, z) dz dz′

=

(
1

cosh η

)4(n+1)∑
k

[
(n+ k)!

n!k!

]2
(tanh η)4k. (10.33)

This is less than one and is due to the fact that we do not know how to

deal with the time-like separation in the present formulation of quantum

mechanics. Our knowledge is less than complete. The time separation

variable is in Feynman’s rest of the universe.

The standard way to measure this ignorance is to calculate the entropy

defined as [Von Neumann (1996); Fano (1957); Blum (2012)]

S = −Tr (ρ ln(ρ)) . (10.34)

If we pretend to know the distribution along the time-like direction and use

the pure-state density matrix given in Eq. (10.28), then the entropy is zero.

However, if we do not know how to deal with the distribution along t, then

we should use the density matrix of Eq. (10.31) to calculate the entropy,

and the result is [Kim and Wigner (1990a)]

S = (n+ 1)
[(

cosh2 η
)

ln
(
cosh2 η

)
− (sinh2 η) ln

(
sinh2 η

)]
−
(

1

cosh η

)2(n+1)∑
k

(n+ k)!

n!k!
ln

[
(n+ k)!

n!k!

]
(tanh η)2k. (10.35)
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In terms of the velocity v of the hadron

S = −(n+ 1)

{
ln

[
1−

(v
c

)2]
+

(v/c)2 ln(v/c)2

1− (v/c)2

}

−
[
1−

(v
c

)2]∑
k

(n+ k)!

n!k!
ln

[
(n+ k)!

n!k!

](v
c

)2k
, (10.36)

where
v

c
= tanh η. (10.37)

For the ground state with n = 0, the density matrix of Eq. (10.31)

becomes

ρη(z, z′) =

(
1

cosh η

)2∑
k

(tanh η)2kχk(z)χ∗k(z′), (10.38)

and the entropy becomes

S =
(
cosh2 η

)
ln
(
cosh2 η

)
−
(
sinh2 η

)
ln
(
sinh2 η

)
. (10.39)

Fig. 10.3 Localization property in the zt plane. When the hadron is at rest, the Gaus-

sian form is concentrated within a circular region specified by (z+ t)2 + (z− t)2 = 1. As
the hadron gains speed, the region becomes deformed to e−2η(z+ t)2 + e2η(z− t)2 = 1.

Since it is not possible to make measurements along the t direction, we have to deal

with information that is less than complete. This does not cause problems when the
hadron is at rest, because the t dependence in the density matrix is separable and can be

integrated out. When the t separation is not measured as in the case of the Schrödinger

quantum mechanics, the entropy of the system becomes non-zero and becomes increased
as the hadron gains speed.

Let us go back to the wave function of Eq. (10.15). As is illustrated in

Fig. 10.3, its localization property is dictated by the Gaussian factor which

corresponds to the ground-state wave function. For this reason, we expect
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that much of the behavior of the density matrix or the entropy for the nth

excited state will be the same as that for the ground state with n = 0. For

the ground-state, the wave function becomes

ψη(z, t) =

[
1

π

]1/2
exp

{
−1

4

(
e−2η(z + t)2 + e2η(z − t)2

)}
. (10.40)

The density matrix is

ρ(z, z′) =

(
1

π cosh(2η)

)1/2

exp

{
−1

4

[
(z + z′)2

cosh(2η)
+ (z − z′)2 cosh(2η)

]}
.

(10.41)

The probability distribution ρ(z, z) becomes

ρ(z, z) =

(
1

π cosh(2η)

)1/2

exp

(
−z2

cosh(2η)

)
. (10.42)

The width of the distribution becomes
√

cosh(2η), and becomes wide-

spread as the hadronic speed increases. Likewise, the momentum distri-

bution becomes wide-spread as can be seen in Fig. 10.2. This simultaneous

increase in the momentum and position distribution widths is seen in the

parton phenomenon in high-energy physics [Feynman (1969b,a); Kim and

Noz (1977, 1986)].

10.6 Hadronic Temperature

If the single oscillator becomes thermally excited, the density matrix be-

comes

ρT (z, z′) =
(

1− e−1/T
)∑

k

e−1/Tφk(z)φ∗k(z′). (10.43)

If we compare this expression with the density matrix of Eq. (10.38), we

are led to

tanh2 η = exp (−1/T ), (10.44)

and to

T =
−1

ln
(
tanh2 η

) . (10.45)

The temperature can be calculated as a function of tanh(η), and this cal-

culation is plotted in Fig. 10.4.

Earlier in Eq. (10.37), we noted that tanh(η) is v/c. Thus, the oscillator

becomes thermally excited as it moves, as is illustrated in Fig. 10.4.
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Fig. 10.4 Boiling quarks become partons. When the hadron gains speed, the tempera-
ture of the system rises according to Eq. (10.45). The quarks will boil, and they will go

through a phase transition to partons as is indicated in Fig. 10.5.

Let us look at the velocity dependence of the temperature again. It

is almost proportional to the velocity from tanh(η) = 0 to 0.7, and again

from tanh(η) = 0.9 to 1 with different slopes. We shall return to this issue

in Sec. 10.7 in connection with the transition from the quark model to the

parton model which was discussed in Chapter 8.

While the physical motivation for this Chapter is based on Feynman’s

time separation variable [Feynman et al. (1971)] and his rest of the uni-

verse [Feynman (1998)], we should note that many authors discussed field

theoretic approach to derive the density matrix of Eq. (10.38). Among them

are two-mode squeezed states of light [Yuen (1976); Yurke et al. (1986); Kim

and Noz (1991); Han et al. (1993)] and thermo-field-dynamics [Fetter and

Walecka (2003); Umezawa et al. (1982); Oz-Vogt et al. (1991)].

The mathematics of two-mode squeezed states is the same as that for

the covariant harmonic oscillator formalism discussed in this chapter [Dirac

(1963); Yurke et al. (1986); Kim and Noz (1991); Han et al. (1993)]. Instead

of the z and t coordinates, there are two measurable photons. If we choose

not to observe one of them, it belongs to Feynman’s rest of the universe [Han

et al. (1999); Yurke and Potasek (1987); Ekert and Knight (1989)].

Another remarkable feature of two-mode squeezed states of light is

that its formalism is identical to that of thermo-field-dynamics [Fetter

and Walecka (2003); Ojima (1981); Umezawa et al. (1982); Oz-Vogt et al.

(1991)]. The temperature is in this case related to the squeeze parame-

ter. It is therefore possible to define the temperature of a Lorentz-squeezed

hadron within the framework of the covariant harmonic oscillator model.
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10.7 Quark-Parton Phase Transitions

Let us go back to Fig.(10.4). The hadronic temperature T is plotted against

tanh2(η) or (v/c)2. We can also plot (v/c)2 as a function of T , as shown in

Fig. 10.5.

As is seen in Fig. 10.5, the curve is nearly vertical for low temperature,

but becomes nearly horizontal for high temperature, even though it is con-

tinuous. Thus, we are led to suspect a phase transition between these two

different sections of the curve. Let us look at what happened inside the

hadron.

If the hadron is at rest or its speed is very low, we use the quark model. If

the hadron is moving with the speed close to that of light, we use the parton

model. Since the constituents behave quite differently in these two models,

we are confronted with the question of whether they can be described as

two different limiting cases of one covariant entity.

This kind of question is not new in physics. Before 1905, Einstein faced

the question of two different energy-momentum relations for massive and

massless particles. He ended up with the formula E =
√
m2 + p2, which is

widely known as his E = mc2.

Our quark-parton puzzle is similar to that of energy-momentum rela-

tion, as illustrated in Table 1.2. The dynamics of the quark model is the

same as that of the hydrogen atom, where two constituent particles are

bound together by an attractive force.

We are all familiar with the dynamics of the hydrogen atom, but it is

a challenge to understand Feynman’s parton picture as a Lorentz-boosted

hydrogen atom. The key variable is the time-separation between the quarks,

not seen in the Schrödinger picture of the hydrogen atom.

Fig. 10.5 Transition from the confinement phase to a plasma phase. The quarks are
confined within a hadron when the hadron is at rest, but they behave like free particles

when the hadron speed reaches that of light, and the temperature becomes very high.
This figure is an extended interpretation of Fig. 10.4.
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10.8 Wigner Functions and Uncertainty Relations

In the Wigner phase-space picture of quantum mechanics, both the position

and momentum variables are c-numbers [Wigner (1932)]. According to the

uncertainty principle, we cannot determine the exact point in the phase

space of the position and momentum variables, but we can localize these

variables into an area in the phase space. The minimum area is of course

Planck’s constant. By studying the geometry of this area, we can study the

uncertainty relation in more detail than in the Heisenberg or Schrödinger

picture. This phase-space representation has been studied extensively in

recent years in connection with quantum optics, and there are many books

and review articles available on Wigner functions [Wigner (1932); Feynman

(1998); Kim and Noz (1991)]. Thus it is not necessary to give a full-fledged

introduction to this subject.

For two coordinate variables, the Wigner function is defined as [Kim

and Noz (1991)]

W (x1, x2; p1, p2) =

(
1

π

)2 ∫
exp {−2i(p1y1 + p2y2)}

× ψ∗(x1 + y1, x2 + y2)ψ(x1 − y1, x2 − y2) dy1 dy2. (10.46)

This function can therefore be derived from the density matrix:

W (x1, x2; p1, p2) =

(
1

π

)2 ∫
exp {−2i (p1y1 + p2y2)}

×ρ (x1 − y1, x2 − y2;x1 + y1, x2 + y2) dy1 dy2. (10.47)

The Wigner function corresponding to the wave function of Eq. (10.10) is

W (x1, x2; p1, p2) =

(
1

π

)2

exp
{
−e2η(x1 − x2)2 − e−2η(x1 + x2)2

−e−η(p1 − p2)2 − eη(p1 + p2)2
}
. (10.48)

If we do not make observations of the x2p2 coordinates and average over

them, the Wigner function becomes [Yurke and Potasek (1987); Ekert and

Knight (1989)]

W (x1, p1) =

∫
W (x1, x2; p1, p2) dx2 dp2. (10.49)

The evaluation of the integral leads to

W (x, p) =

{
1

π2(1 + sinh2 η)

}1/2

exp

{
−
(
x2

+
p2cosh η

)}
, (10.50)
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where we have replaced x1 and p1 by x and p respectively. This Wigner

function gives an elliptic distribution in the phase space of x and p. This

distribution gives the uncertainty product of

(∆x)2(∆p)2 =
1

4
(1 + sinh2 η). (10.51)

Because x1 is coupled with x2, our ignorance about the x2 coordinate, which

in this case acts as Feynman’s rest of the universe, increases the uncertainty

in the x1 world which, in Feynman’s words, is the system in which we are

interested.

From this definition, it is straightforward to show [Kim and Noz (1991)]

Tr(ρ) =

∫
W (x, p) dx dp, (10.52)

and

Tr(ρ2) = 2π

∫
W 2(x, p) dx dp. (10.53)

If we compute these integrals, Tr(ρ) = 1, as it should be for all pure and

mixed states. On the other hand, the evaluation of the Tr(ρ2) integral

leads to the result of Eq. (10.24).

What happens when we fail to observe the time-separation coordinate?

We can approach this problem using the Wigner function [Wigner (1932)].

For the density matrix of Eq. (10.28), the Wigner function is

Wη (z, t, pz, p0) =
1

π

∫
exp [(i(z′pz + t′p0)]ρη(z− z′, t− t′) dz′ dt′. (10.54)

The evaluation of this integral is straight-forward [Kim and Noz (1991);

Davies and Davies (1975)]. For η = 0, the Wigner function becomes

W0 (z, pz; t, p0) =

(
1

π

)2

exp
[
−
(
z2 + p2z + t2 + p20

)]
. (10.55)

This is the Wigner function for the minimal uncertainty state without any

thermal effects, or for the hadron at rest. This Gaussian form is illustrated

in Fig. 10.6.

For non-zero values of η,Wη (z, pz; t, p0) becomes(
1

π

)2

exp

{
−1

2

[
e2η(t+ z)2 + e−2η(t− z)2

+e−2η (pz − p0)
2

+ e2η (pz + p0)
2
]}

. (10.56)
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Fig. 10.6 Uncertainty Distribution in the Wigner phase space. The radius takes the

minimal value determined by the uncertainty principle when the hadron is at rest and

its temperature is zero. The radius increases as the temperature rises as indicated in
fig.(a). The dependence of this radius on tanh(η) (the hadronic speed) is also given in

fig.(b).

If we do not observe the second pair of variables, we have to integrate

this function over t and p0, and the resulting Wigner function is

Wη (z, pz) =

∫
W (z, pz; t, p0) dt dp0, (10.57)

and the evaluation of this integration leads to [Han et al. (1999)]

Wη(x, p) =
1

π cosh η
exp

[
−
(
z2 + p2z

cosh(2η)

)]
. (10.58)

The failure to make measurements on the time separation variable leads

to a radial expansion of the Wigner phase space as in the case of the thermal

excitation. The radius is√
cosh(2η) =

√
1 + tanh2 η

1− tanh2 η
. (10.59)

As is indicated in Fig. 10.6, the radius becomes larger when tanh(η) be-

comes larger or the hadron moves with an increasing speed.

10.9 Lorentz-invariant Uncertainty Relation

The ground-state wave function for the covariant oscillator system takes

the Gaussian form of

ψη(z, t) =
1√
π

exp

{
−1

4

[
e−2η(z + t)2 + e2η(z − t)2

]}
. (10.60)
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Conjugate

t

z

p

pz

0
Conjugate

Fig. 10.7 Lorentz-invariant uncertainty products. The uncertainty products defined
along the light cones remain invariant under the Lorentz boosts. This figure is derived

from Fig. 10.2.

We can construct the momentum wave function by taking the Fourier trans-

formation

φη (pz, p0) =
1

2π

∫
ψη(z, t) exp {i (pzz − p0t)} dz dt (10.61)

which becomes

1√
π

exp

{
−1

4

[
e−2η(pz + p0)2 + e2η(pz − p0)2

}}
. (10.62)

Let us go back to Eq. (10.61), the exponent (pzz − p0t) is a Lorentz-

invariant quantity and it can be written as

pzz − p0t =
1

2
[(z + t) (pz − p0) + (z − t) (pz + p0)] . (10.63)

In this expression,

(z + t) (pz − p0) and (z − t) (pz + p0) (10.64)

are separately Lorentz-invariant. Thus, it is possible to define the uncer-

tainty products along the light-cones as shown in Fig. 10.7. Thus, the

uncertainty products defined along the light-cones remain invariant.
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Chapter 11

Further Applications of the Lorentz
Group

In an attempt to see whether Einstein’s special relativity is applicable to

localized waves for bound states, we had to develop the representations of

the Lorentz group based on harmonic oscillators and two-by-two matrices.

Since those oscillators and matrices serve as the basic scientific languages

for many branches of physics, the formalism presented in this book could

be applicable to some of those branches. Optical science is a case in point.

Optics was created much earlier than physics. Humans needed eye

glasses, telescopes, and magnifiers many centuries before Newton wrote

his first books on mechanics and optics. Optics books in those days had to

be written without the mathematical tools available after Newton.

More recently, in 1937, Jenkins and White wrote their book entitled

Fundamental of Optics [Jenkins and White (1976)], which still serves as

an important reference book in optics. In this book, however, there are

no matrices, no complex numbers, and no Fourier transformations. These

days, it is not possible to write optics papers without harmonic oscillators

and two-by-two matrices. In optics, two-by-two matrices are often called

ABCD matrices.

In view of the progress made since the time of Jenkins and White, optics

is now ready to make another jump in its scientific language: the jump to

the Lorentz group. The authors of the present book published extensively

on the Lorentz group in optics since 1988 [Han et al. (1988); Kim and Noz

(1991); Başkal et al. (2015)]. Let us see how the Lorentz group can serve

as the basic scientific language for optical and information sciences.

163
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2nd order 

diff. equation

Fig. 11.1 Bridge between high-energy physics and optics and information theory. The
Lorentz group is the mathematical bridge between them.

11.1 Ray Optics

In ray optics, the optical ray moves along a straight line. The distance

from the beam axis and its slope are the basic parameters. Thus, these two

parameters can be grouped into one column matrix of the form(
x

s

)
(11.1)

where x is for the distance from the axis of the ray, and s is the slope of

the ray. For lenses and concave cavities, we are led to computations with

matrices of the form (
1 a

0 1

)
, and

(
1 0

b 1

)
(11.2)

These triangular matrices are of the form of Wigner’s little group for mass-

less particles, as noted in Chapter 6.

In multi-layer optics, the optical ray is partially transmitted and par-

tially reflected when it hits the surface of the material with a different index

of refraction. This effect is treated by a two-by-two matrix corresponding
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to a Lorentz boost [Monzón and Sánchez-Soto (1999, 2000); Georgieva and

Kim (2001)].

The matrix algebra for these aspects of ray optics was systematically

given in Chapter 6 of this book.

11.2 Polarization Optics

In polarization optics, we are dealing with two electric fields perpendicular

to the direction of the propagation of light. If the beam is along the z

direction, it can be written as(
ψ1

ψ2

)
=

(
a e−iφ/2

b eiφ/2

)
exp {−i(kz − ωt)}. (11.3)

The column vector (
a e−iφ/2

b eiφ/2

)
(11.4)

is called the Jones vector [Jones (1941, 1947)]. The parameters a and b are

the amplitudes of the electric fields along the x and y directions respectively.

The angle φ is the phase difference between the components.

The rotation around the z axis is trivial. The two-by-two matrix for

this transformation is given in Chapter 6. The phase between the beams

could also change. In addition, the amplitudes can undergo different rates

of attenuation. All these are summarized in Table 11.1.

If the phase difference remains constant, the Jones vector contains

enough information about the polarization of the beam. On the other

hand, if the phase difference does not stay constant, we have to consider

the degree of coherency. For this purpose, let us construct the two-by-two

matrix:

C =

(
S11 S12

S21 S22

)
, (11.5)

with

< ψ∗i ψj >=
1

T

∫ T

0

ψ∗i (t+ τ)ψj(t) dt. (11.6)

This two-by-two matrix is called the coherency matrix in the optics liter-

ature [Born and Wolf (1999); Saleh and Teich (2007); Başkal et al. (2015)].

This is a convenient way of writing the four Stokes parameters in the two-

by-two form. The Stokes parameters constitute a four-component vector

that transforms like the four-vector under Lorentz transformations [Han



February 13, 2018 16:40 ws-book9x6 New Perspectives on Einstein’s E = mc2 wsbook page 166

166 New Perspectives on Einstein’s E = mc2

Table 11.1 Polarization optics and special relativity sharing the same
mathematics. Each matrix has its clear role in both optics and relativ-

ity. The determinant of the two-by-two matrix obtained from the Stokes
vector or from the four-momentum remains invariant under Lorentz trans-

formations. It is interesting to note that the decoherency parameter (least

fundamental) in optics corresponds to the mass (most fundamental) in
particle physics.

Polarization Optics Transformation Matrix Particle Symmetry

Phase shift φ

(
e−iφ/2 0

0 eiφ/2

)
Rotation around z

Rotation around z

(
cos(θ/2) − sin(θ/2)
sin(θ/2) cos(θ/2)

)
Rotation around y

Squeeze along x and y

(
eµ/2 0

0 e−µ/2

)
Boost along z

sin2 α Determinant (mass)2

et al. (1997b); Başkal et al. (2015)]. Thus coherency matrix is like the

two-by-two matrix given in Eq. (6.1).

This two-by-two matrix is called the coherency matrix in the optics

literature [Azzam and Bashara (1999); Born and Wolf (1999); Brosseau

(1998); Saleh and Teich (2007)]. This is a convenient way of writing the

four Stokes parameters in the two-by-two form.

The four elements Sij are the Stokes parameters [Azzam and Bashara

(1999); Hecht (2002)]. They traditionally are grouped into one column

matrix with four-elements. The four-by-four transformation matrices ap-

plicable to this column matrix are called Mueller matrices [Mueller (1943);

Hecht (2002)]. It has been shown that the Mueller matrices are like those

in the four-by-four representation of the Lorentz group [Han et al. (1997a)].

It was also noted in Chapter 5 that the four-by-four algebra of the Lorentz

group can be translated to that of two-by-two Lorentz group. The co-

herency matrix of Eq. (11.5) is like the two-by-two four-momentum matrix

given in Eq. (6.1).

For the Jones vector given in Eq. (11.4), the C matrix can now be

written as

C =

(
a2 ab e+iφ cosα

ab e−iφ cosα b2

)
, (11.7)
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where cosα measures the degree of coherence. If the two beams are com-

pletely coherent, cosα = 1 with α = 0. If the phase difference is completely

random, cosα = 0.

The trace and determinant of the above coherency matrix are

tr(C) = a2 + b2,

det(C) = (ab)2 sin2 α. (11.8)

Let us go back to the matrix given in Eq. (6.1) for the four-momentum

matrix. It is interesting to note that the determinant of that matrix is

(mass)2 of the particle. This corresponds to the degree of decoherence of

the Stokes parameters as shown in Table 11.1.

The degree of polarization is defined as [Saleh and Teich (2007)]

f =

√
1− 4 det(C)

(tr(C))2
=

√
1− 4(ab)2 sin2 α

(a2 + b2)2
. (11.9)

This degree is one if α = 0. When α = 90o, it becomes

a2 − b2

a2 + b2
. (11.10)

Without loss of generality, we can assume that a is greater than b. If they

are equal, this minimum degree of polarization is zero.

11.3 Coherent States and Squeezed States

The harmonic oscillator wave functions allow the following step-down and

step-up operations.

â χn(x) =
√
n χn−1(x), and â† χn(x) =

√
n+ 1 χn+1(x), (11.11)

with

â =
1√
2

(
x+

∂

∂x

)
, and â† =

1√
2

(
x− ∂

∂x

)
. (11.12)

In terms of these operators, the uncertainty relation can be written as[
â, â†

]
= 1. (11.13)

We can now write the wave function χn(x) as a ket vector |n >, and its

Hermitian conjugate as < n|. The orthogonality relation can be written as

< n′|n >= δn′n. (11.14)

These notations play the pivotal role in quantum field theory, where â†

and â are used as the creation and annihilation operators applicable to the
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state |n > with n particles. For the world of photons |n > is the state of n

identical photons. Thus

|n >=
1√
n!

(
â†
)n |0 >, or

(
â†
)n |0 >=

√
n!|n > . (11.15)

where |0 > is for the zero-photon or vacuum state.

With these notations, we can now consider the state |α > defined as

exp
{
i
(
αâ† − α∗â

)}
. (11.16)

If this is applied to the zero-photon state:

|α >= exp
{
iα
(
â† − â

)}
|0 >, (11.17)

where α is a complex number. The Taylor expansion of this expression

becomes

|α >= exp
(
−|α|2

)
/2
∑
n

1√
n!
|n > . (11.18)

This is known as the coherent state of light. Therefore, the physics of

coherent state is the physics of harmonic oscillators.

It was noted in Sec. 10.9 that the Wigner function defined over the

phase space is a convenient tool in studying uncertainty products. This

aspect was explained in detail in a book entitled Phase Space Picture of

Quantum Mechanics [Kim and Noz (1991)] written by the authors of the

present book.

If there are two photons, whose numbers are created by â† and b̂† respec-

tively, we can use the notation |n,m > where n and m are the a-type and

b-type photon numbers respectively. We can consider the unitary operator:

B(η) = exp
{
−η

2

(
â†b̂† − âb̂

)}
. (11.19)

If this operator is applied to the vacuum state |0, 0 >, the result is

B(η)|0, 0 >=
1

cosh η

∑
k

(tanh η)k|k, k > . (11.20)

This form is known as the squeezed vacuum [Yuen (1976)] or squeezed

state. It is possible to produce this series using the covariant harmonic

oscillators as given in Sec. 8.5. The operator B(η) squeezes the vacuum

wave functions. Thus, the series of Eq. (11.20) is called the squeezed state

of the vacuum. This concept of squeeze comes from the Lorentz group as

seen in Chapter 8. Thus, the squeezed state is the physics of the harmonic

oscillators and two-by-two matrices.

The squeezed state of |n, 0 > is given also in Sec. 8.5. As for the squeezed

state of |n,m >, the calculation is very complicated, but has be carried out

by Rotbart [Rotbart (1981)].
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11.4 Entanglement Problems

From the mathematical point of view, the question of entanglement is

whether the function separable in two variables becomes inseparable. Let

us start with the Gaussian function of the form

ψ(x, y) =
1√
π

exp

{
−1

2

(
x2 + y2

)}
. (11.21)

This form is separable in the x and y variables. If this Gaussian function

is squeezed to

ψη(x, y) =
1√
π

exp

{
−1

4

(
e−2η(x+ y)2 + e2η(x− y)2

)}
=

1

cosh η

∑
k

(tanh η)kχk(x)χk(y), (11.22)

we say that this function is entangled [Giedke et al. (2003); Kim and Noz

(2005); Walls and Milburn (2008)]. This form of entanglement was dis-

cussed extensively in Chapter 8. We have discussed in detail how this form

of entanglement leads to increase in entropy and temperature as shown in

Secs. 10.5 and 10.6.

Let us next go back to the two-component system of polarized beam

given in Sec. 11.2. If the two-beams do not interfere with each other, they

are not entangled. If their phases become mixed up as given in Eq. (11.6),

they become entangled, and the coherency matrix of Eq. (11.7) can be used

as the density matrix if properly normalized. If we set a = b = 1, and φ = 0

for simplicity, the density matrix becomes

ρ =
1

2

(
1 cosα

cosα 1

)
. (11.23)

The trace of this matrix is one. This matrix is Hermitian and can therefore

be diagonlized to

1

2

(
1 + cosα 0

0 1− cosα

)
. (11.24)

This leads to the entropy of

S = −(1 + cosα) ln

(
1 + cosα

2

)
− (1− cosα) ln

(
1− cosα

2

)
. (11.25)

If the system is completely separate with cosα = 1, the entropy is zero with

S = 0. If the system is thoroughly entangled with cosα = 0, the entropy

becomes becomes maximum with S = 2 ln(2).
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Başkal, S., Kim, Y. S., and Noz, M. E. (2014). Wigners Space-Time Sym-

metries Based on the Two-by-Two Matrices of the Damped Harmonic
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