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I t  is perhaps the most fundamental principle of Quantum Mechanics that the 
system of states forms a linear manifold,' in which a unitary scalar product is 
defined? The states are generally represented by wave functions! in such a way 
that p and constant multiples of (p represent the same physical state. It is 
possible, therefore, to normalize the wave function, i.e., to multiply it by a 
constant factor such that its scalar product with itself becomes 1. Then, only a 
constant factor of modulus 1, the so-called phase, will be left undetermined 
in the wave function. The linear character of the wave function is called the 
superposition principle. The square of the modulus of the unitary scalar 
product ($, p) of two normalized wave functions $ and (pis called the transition 
probability from the state $ into p, or conversely. This is supposed to give the 
probability that an experiment performed on a system in the state (p, to see 
whether or not the state is $, gives the result that it is $. If there are two or 
more different experiments to decide.this (e.g., essentially the same experiment, 

Parts of the present paper were presented a t  the Pittsburgh Symposium on Group 
Theory and Quantum Mechanics. Cf. Bull. Amer. Math. Soc., 41, p. 306,1935. 

The possibility of a future non linear character of the quantum mechanics muat be 
admitted, of course. An indication In this direction is given by the theory of the positron, 
aadeveloped by P. A. M. Dirac (Proc. Camb. Phil. Soc. SO, 150,1934, cf. also W. Heisenberg, 
Zeits. f. Phya. 90, 209, 1934;.9d, 623, 1934; W. Heisenberg and H. Euler, ibid. 98, 714, 1936 
and R. Serber, Phys. Rev. 48, 49, 1935; 49, 545, 1936) which does not use wave functions 
and Is a non linear theory. 

Cf. P. A. M. Dirac, The Principles of Quantum Mechanics, Oxford 1935, Chaptere I end 
11; J. v. Neumann, Mdhematische Grundlagen der Quantenmechanik, Berlin 1932, peges 
19-24. 

a The wave functions represent throughout this paper states in the sense of the "Heisen- 
berg picture," i.e. a single wave function represents the state for all past and future. On 
the other hand, the operator which refers to a measurement a t  a certain time t contains 
this t as a parameter. (Cf. e.g. Dirac, 1.c. ref. 2, pages 115-123). One obtains the wave 
function 9.(t) of the Schsdinger picture from the wave function ( p ~  of the Heieenberg 
picture by 9,(t) = exp (-iHl/h)(Dn The operator of the Heisenberg picture is Q(t) = 
exp(iHt/;h) Qexp (-iHt/h), where Qis the operator in the Schddinger picture which does not 
depend on time. Cf. also E. Schfinger, Sitz..d. K6n. Preuss. Akad. p. 418,1930. 

The wave functions are. complex quantities and the undetermined factors in them are 
complex also. Recently attempts have been made toward a theory with real wave func- 
tiona. @t. E. Majonma, Nuovo Cim. 1~,171,1931 and P. A. M. Dirac, in print. 


